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index by means of a one dimensional singular eigenvalue problem, and is carried out by a
detailed picture of the asymptotic behavior of both the solution and the singular eigenvalues
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1 Introduction

In this paper we continue the project started with [3,5] and use a singular eigenvalue problem
to compute the Morse index of nodal radial solutions to semilinear equations. In particular
we focus here on the problem

(1.1)

—Au = |x|*|u|’"'u in B,
u=>0 on 0B,

where o > 0, B stands for the unit ball in RY in dimension N > 3, and p>1.Whena >0
problem (1.1) is known as the Hénon problem, since it has been introduced by Hénon in [26]
in the study of stellar clusters in radially symmetric settings, in 1973. Later on Ni, in the
celebrated paper [30], proved the existence of a critical exponent related with the parameter
«, that we denote hereafter by

_ N+2+42¢a

= 1.2
Pa N_2 (1.2)

which gives the threshold between existence and nonexistence of solutions. Using the fact
that H(;,rad(B) ={u € HO1 (B) : u is radial} is compactly embedded in LPTY(B, |x|*dx) for
every | < p < pq, Ni proved that (1.1) admits a positive radial solution, which is classical.
The existence of radial solutions can be then extended to the case of nodal solutions with an
arbitrary number of zeros (nodes) by means of a procedure introduced in [10] and using again
the compactness of the immersion of H()l,rad into LPT! as for the case of positive solutions. It
is also possible to apply a uniqueness result of [31] to have that for any integer m > 1 there
exists only a couple of radial solutions to (1.1) which have exactly m nodal zones, meaning
that the set {x € B : u(x) # 0} has exactly m connected components; they are one the
opposite of the other and classical solutions (see, for instance, [5, Proposition 4.1]).

Moreover, a classical Pohozaev argument shows that the Hénon problem (1.1) does not
admit solutions when it is settled in a smooth bounded domain €2 which is starshaped with
respect to the origin and p > p,. Then p, exhibits the same role of the critical exponent
pr= % for the Lane—-Emden problem

(1.3)

—Au = [ulP'u  in B,
u=>0 OnaB,

which corresponds to (1.1) in the case of & = 0. As we will see the relations between Hénon
and Lane—Emden problems are much deeper. Indeed radial solutions to (1.1) with & > 0 can
be viewed as radially extended solutions to (1.3) in a sense which will be clarified in Sect. 2.
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The Hénon problem attracted the attention of many mathematicians since the paper [35] in
which the authors proved that the ground state solutions to (1.1), namely solutions which
minimizes the Energy functional

1 1
g(u)?/ |W|2——f ]+
2 Jp p+1Jg

on the Nehari manifold

N:{veHol(B) : / |Vv|2:/ |x|°‘|u|1’+1}
B B

for 1 < p < p* are nonradial provided @ > 0 is sufficiently large. Nevertheless ground state
solutions to (1.1) maintain a residual symmetry called foliated Schwartz symmetry, which
appears in other similar contexts in which the symmetry result of Gidas, Ni and Nirenberg
in [22] does not hold, namely both in the case of annular domains and for nodal solutions.
Let us recall that the Morse index of a solution u to (1.1) is the maximal dimension of a
subspace X C H& (B) where the quadratic form

0u () = /B V2 — plxlul?~ 2 dx

is negative defined. The quadratic form Q, is associated with the linearized operator in B
with Dirichlet boundary conditions

Lu(Y) = =AY — plx|*“|ul”" 4.

Of course the Morse index can be computed counting (with multiplicity) the negative eigen-
values of L, in HO1 (B), but also some negative singular eigenvalues. This equivalence and
the characterization of Morse index in terms of the singular eigenvalues of L, is given in
details in [3] and will be essential for our aims.

It is well known that ground state solutions have Morse index one since they can be found
as minima on the Nehari manifold, which has codimension one. Then the result in [35] says
that radial positive solutions to (1.1) can have Morse index greater than 1, when « is large
enough.

Starting from this consideration, in [2] we computed the Morse index of radial positive
solutions to (1.1) showing that it converges to the value 1 + N when p — p, and to the
value 1 as p — 1, and we proved a first bifurcation result from the positive solution of the
Hénon problem which is, in our opinion, responsible of the symmetry breaking of (1.1). In
this last paper a technical assumption, namely that 0 < o < 1, is required to deal with the
linearized operator and compute the asymptotic Morse index of radial positive solutions. This
assumption is removed here where, taking advantage from the analysis in [3,5] and using
a singular eigenvalue problem associated to the linearized operator, the computation of the
Morse index is performed for any value of «. Nevertheless the result in [2] puts evidence on
the fact that the symmetry breaking phenomenon pointed out in [35] is not related to large
values of «, but still holds when 0 < o« < 1.

Later it has been proved in [29] that the Morse index of any radial solution to (1.1) goes
to 0o as @« — 00, showing again the symmetry breaking of the ground state solutions, for
large values of «. Their result has implications also concerning nodal ground state solutions,
namely minima for £(u) on the nodal Nehari manifold

Nivod = [v € HI(B) : vt #£0, [, Vot = [, [x[*]o* [P+,
VA0, [y IV = fy et
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_####_ Page 4 of 47 A. L. Amadori, F. Gladiali

Here st (s7) stands for the positive (negative) part of s. As it is known by [9] that they
have Morse index 2, the estimate in [29] implies that the symmetry breaking phenomenon
concerns also nodal ground state solutions. A similar consideration appears also in [5] as a
consequence of some estimates on Morse index of radial nodal solutions, but only in the case
of solutions which change sign.

The fact that the Morse index of any radial solutions to (1.1) diverges as « — oo is a
clue that the symmetry breaking phenomenon is not related with a nonradial solution whose
energy is less than the radial one, but with infinitely many nonradial (nodal) solutions that
should arise by bifurcation. Indeed [37] found infinitely many positive multipeak solutions,
with arbitrarily large energy, when p = p*, and infinitely many nonradial solutions have
been constructed by bifurcation w.r.t. the parameter « in [20] (concerning positive solutions
and p near py) and [28] (concerning both positive and nodal solutions and arbitrary p > 1).

In any case the exact Morse index of radial solutions to (1.1), depending on the parameters

p and o and on the number of nodal zones m, is still unknown. To the authors’ knowledge
the only results in this direction are the computations in [5], where a lower bound on the
Morse index is presented and it is proved that the radial Morse index is equal to the number
of nodal zones, namely the linearized operator L,, has exactly m negative eigenvalues whose
related eigenfunction is radial.
Beyond the symmetry breaking the interest of the mathematicians on the Hénon problem
(1.1) is due to the richness of its solutions set, which is completely different from the Lane
Emden case. For instance [32] produces multipeak solutions in the slightly subcritical range,
by the Lyapunov—Schmidt reduction method. Moreover solutions appear also in a critical
and supercritical range, namely whether when p = p* or when p > p*, and of course
P < p«. Concerning existence of nonradial solutions in the critical case we quote here [34]
and the already mentioned [37]. Coming to the supercritical range, [8] produces nonradial
positive solutions using minimization in suitable symmetric spaces and [ 15] produces positive
solutions on perturbed balls for generic values of p, by a perturbation argument. Next for all
values of the exponent p close to the threshold p,, and any domain containing the origin,
we mention [23] concerning existence of positive solutions and also the papers [14] and
[13], where nodal bubble tower solutions are constructed by a Lyapunov—Schmidt reduction
method when « is not an even integer, respectively for « > 0 and o > —2.

In this paper we want to fill the gap on the exact value of the Morse index of radial
solutions to (1.1), and, considering o > 0 as a fixed parameter we compute the Morse index
of any radial solution to (1.1) in a left neighborhood of the critical exponent p,. To state

our main result we denote by [§] = max {k € N : k < $} the integer part of %, and by

N; = %W the multiplicity of A; = j(N + j — 2) as an eigenvalue for the
Laplace—Beltrami operator on the sphere Sy_;. Moreover, understanding that for « = 0 a

solution to (1.1) is exactly a solution to (1.3) and py, = p*, we can state:

Theorem 1.1 Let u;, be any radial solution to (1.1) with m nodal zones and let o > 0. Then
there exists p* € (1, py) such that for any p € [p*, py) we have either

1+[5]
m(p) =m »  Nj (1.4)

j=0
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as o > 0 is not an even integer, or

o

2
m@up)=mY Nj+(m—1)Npa. (1.5)
j=0

if « = 0 or it is an even number.

This resultis inspired by some previous papers on the Morse index of nodal radial solutions
to the Lane Emden problem (1.3) in dimension N > 3, see [18] and in dimension N = 2, see
[19], and to the possibility to obtain from its knowledge some existence results of nonradial
nodal solutions whose nodal set, namely {x € B : u(x) = 0}, does not touch the boundary
of B, as in [25]. It is worth noticing that reading formula (1.5) for o = 0 we get

m(up) =m+ (m — )N

for p close to the critical exponent p*, which is the exact formula obtained in [ 18] for solution
to (1.3). As far as @ € (0, 2), (1.4) comes into play and the Morse index is larger, precisely
m(u,) = m(1+N), highlighting the fact that the Morse index increases with  and it changes
corresponding exactly to the even values of «.

To have a precise idea of the Morse index of u;, we observe that for small values of o«
these values are:

a=0 m(up) =m+ (m — )N

O<a<2 m(up =m+mN

oa=2 m(up) =m—+mN + (m — 1)N;
2<a<4 m(up)=m+mN+mN

a=4 m(up) =m~+mN +mNy + (m — 1)N3

and so on, showing that the Morse index corresponding to the integer values of « is different
from every other value for nodal solutions, i.e. form > 2. This seems to be anew phenomenon.

As mentioned before, Theorem 1.1 brings new informations also in simplest case of
positive solutions (m = 1). In that case formulas (1.4) and (1.5) can be written as

k
mup) =Y Nj  if2(k—1) <a <2k (1.6)
j=0

for p near py. Equation (1.6) extends the computation made in [2] for | < o« < 2 and
describes the different values of the limit for larger values of . As we have already remarked
this last estimate was the crucial part for the bifurcation result in [2], since we have already
noticed that the Morse index of positive radial solutions converges to 1 as p — 1.In a similar
manner we expect that formulas (1.4) and (1.5) are responsible of a nonradial bifurcation
from nodal radial solutions to (1.1), since the Morse index for p close to 1 has been computed
in [1] obtaining

m—1[Ji—1]

m(”p)=1+2 Z Nj, for J; = (2+“)ﬂi—(N—2)’
i=1 j=0

2

where [-] stands for the ceiling function [s] = min{n € N : n > s}. The parameters f;
appearing here are linked to the zeros of the Bessel functions of first kind

+00 k
B (-1 F\2KHB
jﬁ(r)_kzzok!l“(k—i—l—i—ﬂ) (5) =0
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_####_ Page 6 of 47 A. L. Amadori, F. Gladiali

More precisely f; is characterized as the unique positive parameter for which the i’ zero of
Jp; coincides with the m'" zero of J ~—2. Even though the values of the zeros of the Bessel

functions (and therefore the parametegwﬂi) can be computed only by numerical approxima-
tions, one can see that for nodal solutions the Morse index near p = 1 is greater than the
one near p = p,. Therefore a change in the Morse index appears at some values of p, and a
nonradial bifurcation should arise for every o > 0.

Lastly we compare formulas (1.4) and (1.5) with the estimate from below of the Morse
index obtained in Theorem 1.1 in [5] (see also Theorem 1.3 in the same paper), which holds
forany p € (1, py) and @ > 0 and states

1+[51]

mup) = 14 m—1) > Nj. (1.7)
j=0

For positive solutions (m = 1) it is known that this bound is optimal because the Morse index
is equal to 1 when the exponent p approaches the value 1. For nodal solutions, in the case
of Lane—-Emden problem (¢ = 0) in dimension N > 3, the estimate from below is attained
for p near the critical exponent p* = % (see [18]). This is not the case anymore for the
Hénon problem, because the exact value obtained in Theorem 1.1 overpasses the estimate
from below.

Let us spend some words on how we prove Theorem 1.1. First we exploit the character-
ization of the Morse index and the decomposition of some singular eigenvalues established
in [3] and we relate the computation of the Morse index of any radial nodal solution, with m
nodal zones, to the knowledge of m negative singular radial eigenvalues, see Proposition 3.2.
Next we study their asymptotic behavior as p — p, together with the asymptotic profile of
the associated eigenfunctions, which is needed to deal with the last negative singular eigen-
value. This study furnishes immediately Theorem 1.1 as a consequence of Proposition 1.4
of [3] and Theorem 1.3 in [5]. It also shows that the bound (1.7) is obtained by estimating
in a sharp way the singular radial eigenvalues: actually the first m — 1 eigenvalues reach
their upper bound for p near p,, giving the minimal contribution to the Morse index. In
the Lane—Emden problem the contribution coming from the last eigenvalue is constant and
therefore it does not influence the asymptotic behavior of the Morse index. On the contrary
in the Hénon problem the contribution of the last eigenvalue varies, and it is maximal for p
near p,, minimal when p is near 1. It is thus clear that in the case of @« = 0 the behavior
of the m — 1 singular negative eigenvalues is sufficient to compute the Morse index, while
when o > 0 also the last negative eigenvalue comes into play and its estimate is the most
difficult one.

The description of the asymptotic behavior of the singular eigenvalues and eigenfunctions
relies on the asymptotic analysis of the nodal radial solutions to (1.1) with m nodal zones,
which is indeed the second main aim of this paper. Let us remark that for the Hénon problem
the asymptotic profile is known only in the case of positive solutions. Precisely [2] describes
the limit of the radial solution when p — p, and « is a fixed parameter, while [11] studies
the limit of both the radial and the ground state solution as « — 0o and p is fixed.

Here we are interested in the limit of the nodal radial solution when the exponent p approaches
the threshold py, and to proceed with the further study of the related eigenvalues we need
to know the limit problem to which the solution converges and the behavior of its critical
points and values. Concerning the Lane—-Emden problem (1.3) these topics have been the
subject of some interesting papers, [18] and [19] among others. Solutions to (1.3) indeed
tend to concentrate in the origin as showed in [33], and admit a limit problem which can be
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used, for instance, to construct concentrating solutions in more general domains and with
more general nonlinearities. This aspect is different when the dimension is 2 (and p — o0)
or higher, so the two cases have to be treated separately. The Hénon problem (1.1) shares
the same duality: indeed when N = 2 radial solutions exhibit a different limit problem and
a different way to concentrate. For this reason we focus here on the case of N > 3 while we
refer to the paper [4], which contains different conclusions, for the study of the asymptotic
behavior of u, and of its Morse index in the case of N = 2.

To state the related result we need to introduce some notation. Let u, be a radial solution
with m nodal zones and

0<rip<ryp-+ <rpup=1Dbethe zeros of u,
A; p the nodal zones of u , precisely
Aop ={x : |x| <rip},and A; p, ={x : rip < |x| <rig1p}fori=1,...m—1,
Mi,p = max |up| the extremal value of |u,| in the (i + 1) nodal zone Aip
Lp
oi,p € A;,p the extremal point of |u | in the (i + 1) nodal zone,
so that Mi,p = |ui,p(0i,p)|v
~ p=1
ip = (1ip)™™
Aip= {x CxX/ip € A,-,,,}.

Foreveryi =0, 1,...m — 1 we introduce the rescaled function
~ X ~
i p(x) == | <~ ) | forx €A, ) (1.8)
i,p Mi,p
Next, we let
|x|2+0l _IZVTf
Uyx) =1+ ———— 1.9
«t) ( (N+a><N—2>> (19
be the unique radial bounded solution of
—AUy = |x|°UL*  inRY,
Uy >0 inRY, (1.10)

Ua(0) =1,

see the “Appendix”. Of course when @ = 0 (1.9) and (1.10) give back the well known Talenti
bubbles, which are related with problem (1.3).
Our main result on the asymptotic profile of radial solutions is the following:

Theorem 1.2 Let uy, be any radial solution to (1.1) with m nodal zones and o > 0. When
p — pa We have

iy — +00, fori=0,...m—1, (1.11)
. p — Uy inCL_(RY) (1.12)

and whenever m > 2
ri,p >0, 0ip,—>0, fori=1,...m—1, (1.13)
i p — Uy in Ch RV \ {0}) fori=1,...m—1. (1.14)

The statements concerning i = 0 (i.e. the first nodal zone) follows easily by the already
known results about the positive solution (see [2]), while the ones concerning the other
nodal zones are far more delicate. The main source of difficulty is the supercritical setting,
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which can be overcome by performing a change of variable, introduced in [24], that allows
one to pass to a one-dimensional problem in a subcritical range. In this way the statement of
Theorem 1.2 becomes an extended radial version, in a noninteger dimension, of the analogous
one established in [18] for the Lane—-Emden problem (i.e. when o = 0). At that point the
most delicate part of the proof stands in establishing that the rescaled domains Xi, p invade
RV, and this step requests a very fine knowledge of the speed of convergence (respectively,
divergence) of the zeros (respectively, extremal values) of the solution. The proof presented
here differs from the one in [18], even in the case « = 0, because it does not rely on the
a-priori knowledge of the bubble tower shape of the radial solution. Indeed from our approach
it follows as a byproduct that for any o > 0 radial nodal solutions of the Hénon problem
have a bubble tower shape with multiple blow up at the origin.

Another interesting consequence of the asymptotic analysis of the negative singular eigen-
values for the linearized operator L, and of the characterization of the degeneracy of radial
solutions given in [3] is the following result:

Theorem 1.3 Let u,, be any radial solution to (1.1) with m nodal zones and let oo > 0. Then
there exists p € (1, py) such that u is nondegenerate for any p € [p, pPg)-

Let us recall that a solution u is called nondegenerate whenever the linearized equation
L, (v) = 0 does not admit nontrivial solutions in HOl (B). This consideration is new, even in
the simpler case of the Lane-Emden problem, namely when @ = 0, and extends a previous
result in this direction in [5] where it was proved that u is radially nondegenerate, namely
that the linearized equation does not admit any radial solution.

To point out the usefulness of a nondegeneracy result as Theorem 1.3 we give here an
easy application in proving existence results.

Theorem 1.4 Let m > 1 be any integer, either « = 0 or o > 1, and
Q :={x+rtox):x € B},

where o : B — RY is a smooth function, be a perturbation of the unit ball B. Then for
every p € (p, pa) problem (1.1) settled in 2; admits a classical solution with m nodal zones,
whose nodal set, when m > 1, does not touch the boundary 0<2; for t small enough.

In the authors’ opinion the existence resultin Theorem 1.4 is interesting for two reasons. First
because for o > 1 itinherits a supercritical range, where the lack of variational setting makes
more difficult to obtain existence of solutions. Secondly because it allows one to construct
solutions shaped as the radial solutions without requiring any symmetry on 2.

The paper is organized as follows. We start in Sect. 2 by proving the asymptotic profile of
nodal radial solutions to (1.1) with m nodal zones. In Sect. 3 we recall the characterization of
the Morse index of nodal radial solutions and we relate its computation to the computation
of the asymptotic limit of m negative singular radial eigenvalues as p — p,. The analysis
of the first m — 1 ones, outlined in Sect. 3.1, is based on the knowledge of the limit singular
eigenvalue problem and to an estimate previously obtained in [5]. The major difficulty is the
analysis of the last negative singular radial eigenvalue, performed in Sect. 3.2, which requires
some fine estimates that extend the previous one in the case of &« = 0. In Sect. 4 we prove
Theorems 1.3 and 1.4. Lastly we recall some well known fact about existence and uniqueness
of solutions for the limit problems in the “Appendix”.
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2 The asymptotic profile of u,, via a “radially extended” version of the
Lane-Emden problem

In this section we prove Theorem 1.2 by relating radial nodal solutions to (1.1) with nodal
solutions to a radially extended version of the Lane Emden problem and studying the asymp-
totic behavior of these radially extended solutions. In order to distinguish the two radial
solutions to (1.1) we will denote hereafter by u, the nodal radial solution to (1.1) with m
nodal zones, that satisfies

up(0) >0 2.0

recalling that the other is given by the opposite of u,,.

The proof of Theorem 1.2 will be given in a series of propositions in which we consider
initially the first nodal zone, which is easier to handle, and then the case of the subsequent
ones.

To begin with, we furnish the proof of Theorem 1.2 for i = 0, which is an immediate
consequence of the asymptotic behavior of positive radial solutions in [2] and does not rely
on the radially extended Lane—-Emden problem.

Proof of Theorem 1.2 for i = 0. Let us denote for a while by u’;’ the nodal radial solution to
(1.1) with m nodal zones, that satisfies (2.1). It suffices to notice that, letting r{“f » be the first
zero of u’;’, the scaled function

75
m p= m m
("l,p) uy (ry ,X)

coincides with u},(x), the unique positive radial solution to the Hénon problem in Bj. So
applying [2, Proposition 3.6] gives (1.11) and (1.12) fori = 0. O

The investigation of subsequent nodal zones is more delicate. An useful tool is the change
of variables

(2N = 22
v(t) = <m> u(r), t=r 2, 2.2)

which has been introduced in [24] and transforms radial solutions to (1.1) into solutions of
the radial extended Lane—Emden problem

—(tM’lv’)/:tM’llvlf”lv, 0<t<l, 2.3)
V'(0) =0, v(1)=0
where
2(N
M=MEN, o) = 2N T (2.4)
24«

plays the role of a noninteger dimension. To deal with this problem we need to introduce
the suitable functions spaces to which solutions to (2.3) belong. With this aim, for any
M,qg e R,M >2andg > 1, we let L?w be the weighted Lebesgue space of measurable
functions v : (0, 1) — R such that

1
/ PM=1y|9dr < +o0.
0
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Next we denote by H /{,, the subspace of L/2v1 made up by that functions v which have weak
first order derivative in L12v1 with

1
/ M 2dr < oo,
0
and
Hy = {v e Hy : v(1) =0} 2.5)

which is Hilbert space with the norm

1
1 2
Iolll, == <f0 rM=1? dr>

due to a Poincaré inequality in the space HOI’ - S€€ [3, Lemma 5.1]. The transformation (2.2)
maps Hol.md(B), the set of radial functions in HOl (B), into Hol’ » With M as in (2.4) and can
be used in any dimension N > 2. It allows us to pass from u, (the radial solution to (1.1)
with m nodal zones satisfying (2.1)) to the solution to (2.3) with m nodal zones satisfying

v,(0) > 0. (2.6)

The equivalence between radial solutions to (1.1) and solution to (2.3), both in classical
and weak sense and in any dimension N > 2, has been proved rigorously in [5, Corollary
4.2 and Lemma 4.3]. For the sake of completeness we recall that a weak radial solution to
(I.1) canbe seen as u € H()I,N such that

1
/ PNl (u'¢' — r“|u|p_1u(p) dr =0 (2.7)
0

forany ¢ € H& - and similarly a weak solution to (2.3) is v € H(}’ r such that

1
/ M (Ve = )P ) dr = 0 (2.8)
0
for any ¢ € H& - In particular the same uniqueness result which holds for radial solutions
to (1.3) says that, for every integer m > 1, (2.3) admits a pair of solutions with m nodal
zones, which are one the opposite of the other and hence a unique solution v, which satisfies
(2.6).

Problem (2.3) can be seen as a “radially extended” version of the Lane—Emden problem
since when M is an integer v, actually is the radial nodal solution to the Lane—Emden problem

] — |p|P—! i
{ Av = |v|’"'v in B, (1.3)

v=20 on 0B,
settled in the unitary ball of R¥ . Also notice that when N > 3 then M > 2 and the threshold
exponent p, of (1.1) can be expressed in term of the parameter M = M (N, «) as

M+2
M—-2

Poa = PM = (2.9)
For integer M > 3, py, is the critical value of the Sobolev immersion of Hol (B) into L1(B),
and it constitutes the threshold for the existence of solutions for (1.3). For non integer M > 2
the value pjy is still the critical exponent for the immersion of HO1 7 into L;]W (see [3, Lemma
5.4]) and constitutes again the threshold for the existence of solutions to (2.3).
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Asymptotic profile and Morse index of nodal radial solutions to... Page 11 0f47  _####_

We will give the proof of Theorem 1.2 in terms of the asymptotic behavior of the function
v, as p — py. For integer values of M this has been proved in [18, Propositions 3.3, 3.4

and Theorem 3.7]. Here we extend their result to any value of M > 2.

Let us first point out some qualitative property of the solutions v, that shall be useful in

the sequel, namely

Lemma 2.1 (Lemma 4.5 in [5]) Let v, € HO1 a be the unique weak solution to (2.3) with m

nodal zones that satisfies (2.6). Then v, € C2[0, 1] with

vp(0) = Mo p,  v),(0) =0.

Besides v, is strictly decreasing in its first nodal zone and it has a unique critical point, s; p
in any nodal domain. In particular sy, = 0 is the global maximum point for v, and for

i=1,...m—1itholds

MO,p = Up(o) > Ml,p = |Up(sl,p)| > -~'Mm71,p > |Up(5mfl,p)|-

In order to study its asymptotic profile as p — pys, we denote hereafter by

- 0<t1,p <trp--- <typ=1thezeros of v,
— 50,p = 0 the extremal point of v, in its first nodal zone [0, ¢ ),

s;, p the extremal point of v, inits (i + 1) nodal zone (i, pstivr,p) fori=1,...m—1,

- M, = (—l)iv,,(si,,,) the extremal value of |v,| in the (i + D" nodal zone, for i =

0,1,...m—1,

and, letting fy, , = 0, we define the scaling

T (1) (-1 ( ! ) t ! f
Vi,p = Up | = as i,p < 7= <li+l,ps
Mi p M p Mip

fori =0,...,m — 1. Here

p—1
2

Mz‘,p = (Mi»p)

(2.10)

@2.11)

These newly introduced items are related to the respective ones for the Hénon problem by

the following relations

2
= ri,p = (ti,p) ™ are the zeros of u,,

3 ~ 2 24
Mi’p(r):vi’p mr 2 .

It is easy to check that, fori =0, ..., m — 1 the functions v;, p solves
M—17 M—1~p 'V v
—(t vl{_p)/ =t Uiy forti pMip <t <tipy pMip
Vi,p (ti1,pMi,p) =0
Uip (ti pMip) =0 wheni > 1

2.12)

(2.13)

For simplicity we will assume that ; , is defined on (0, 0o) extending it to zero outside the

interval (t; p M, p, tiv1,pMi p).
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The main point of this section will be to show that the functions v; , admitfori =0, ..., m—1
the following limit problem

— (M) = M-ty 50
( ) e (2.14)

V() >0 t >0,

with the condition

V() =1 (2.15)

whose unique weak solution in the space Dy, (0, 00) is given by

2 -4

Vu@®) =14+ —— 2.16
(D) <+M(M_2)> 2.16)

see the “Appendix”. Here Dy (0, 0o) stands for the closure of C§5°[0, c0) under the norm

o0
/ M=% dr,
0

which is a natural generalization of the space Drlaﬁ (RM) to the case of the non-integer dimen-
sion M, and by weak solution to (2.14) we mean a function V € Dy, (0, oo) such that

o0 e¢]
/ M=y dr :/ rM-lyrrg gy
0 0

for every ¢ € Dy(0, 00).

Since we have already proved that for i = 0 the statements of Theorem 1.2 hold true, it
remains to consider the case of i > 1. Concerning the subsequent nodal zones Theorem 1.2
is equivalent to the two following propositions

Proposition 2.2 For any M > 2, for any integerm > 2 andi = 1,...m — 1 we have

M; p — +o0, (2.17)
sip—=> 0, tip—0, (2.18)

as p — puy given by (2.9).
Proposition 2.3 For any M > 2, for any integer m > 2 andi = 1,...m — 1 we have
Vip— Vi in CL (0, +00) (2.19)
as p — pum given by (2.9).
Indeed assuming Propositions 2.2 and 2.3 one can easily deduce that the statement of
Theorem 1.2 holds true fori =1,...m — 1.
Proof of Theorem 1.2 fori = 1,...m — 1. Equations (2.17) and (2.18) immediately give

(1.11) and (1.13), recalling the relations between f; p, s; , and M; , and r; ,, 0; p and [; p.
Similarly (1.14) follows by (2.19) thanks to (2.12). O
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2.1 The proof of Propositions 2.2 and 2.3

In this subsection we will prove the two propositions which give the asymptotic behavior of the
function v, as p — pu . Proposition 2.3 will be proved passing to the 11m1t into (2.13), Wthh
is possible because (i) the functions v; .p» extended to zero outside (t; p./\/l i ps i, ,,./\/l, s
are uniformly bounded in Dy, (0, 00), and (ii) #; p./\/l, p —> O while t;y1 M, , — 00.Item
(ii) is the most delicate part of the proof and requests a deep knowledge of the behavior of
the zeros and of the extremal values of the function v,,. Proposition 2.2 is a first step in this
direction and it has been put in evidence because it has interest in itself. In any case the proof
of these facts is quite involved and requires some preliminary estimates.

This first lemma provides a bound on the energy of the solution v, in each nodal zone
and a bound on the first derivate of v, which will be useful in the sequel in order to pass to
the limit into (2.13).

Lemma 2.4 There exist § > 0 and constant C1, Cy such that for every p € (1 + 6, pym)

ti.p ti,p
/ M,/ 2dr :/ M, 1P ar < ¢y, (2.20)
ti—1,p ti—1,p
foranyi =1,...m and
, 2-pM-2)
v, (O] < Cat™ 2.21)

ast € (0, 1).

Proof Using as a test function in (2.8) the function which coincides with v, on (t;_1 p, #; )
and is zero elsewhere immediately gives the first equality in (2.20). The subsequent estimate
follows by the Nehari construction. Indeed the solution v, can be produced by solving the
minimization problem

m—1
A(ty, - ty—1) = min inf E@) :0=tp<tj <---<tp=1¢,
(11 m—1) :gdna\/(ti,tm) (¢1) o<t m }

where N'(¢;, t;11) are the Nehari manifolds

N, tip1) = {¢> € Hy  + ¢(r) = 0 for r outside (1, fi11),

M AR Y 1
f r*|¢|dV=/ MNPt ar
ti ti

and & stands for the energy functional

1! 1 1
E(P) = — PM=10 Pdr — 7/ M=l P+ gy,
(@) 2/0 [V PERA [v]

Then it can be checked that choosing #1, ... #,—1 which realize the minimum A and gluing
together, alternatively, the positive and negative solution in the sub-interval (#;_1, #;), gives
a nodal solution to (2.3), which by uniqueness, see [31], coincides with v, up to the sign.
We refer both to [10] and [5, Sec. 4] for more details. For the current purpose it suffices to
notice that for all i = 0, ...m — 1 the restrictions v; , of the solution v, to its nodal zones
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(t;, ti+1) belong to the Nehari sets N (f;, t;+1) and therefore

1 m—l g 2(
_ _ r+1D
/0 PM Pdr =) / M ]|vlf’p|2dr=7p_l INGIRE )
i=0 Vi

i+l

—1 m—1
20p+ 1) 5 e
=T §j5(¢i,p>=§/i rMlg) 1 dr
i=0 i=0"“m

for every m-ple of functions ¢; € N(,%, %) and for every p € (1, py). So (2.20) can be
proved by producing a sequence ¢; , with

itl

lim mrM_1|qblf,p|2dr<+oo fori=0,...m—1. (2.22)

p—>pm J i
m

To this aim we take continuous piecewise linear functions defined as

) i i 2i+1
a,,p(r m) as - <r < 5,
; — o (il 2i+1 i+1
$ip(r) = aip (5 —r) for 5t <r < 28
0 elsewhere

and pick a@; , > 0 in such a way that ¢; € ./\/'(};14, %). Since

i+l it a2 1
m _ m _ i, . _
Mol 1Pdr =a? Mgy = 22 G 4 )M Lar,
; i.p ip [ mM
L L 0
m m
i+l
"o M-—1 +1 p+l1
Mg P dr = ol
m
2i+1 i+1
=L .\ p+l s} . p+1
2m _ l m _ 1+ 1
(/ pM-1 <r — —) dr+/ pM-1 <7—r> dr
i m 2i+1 m
m 2m
p+l1 1
4ip 2. M—1 | M—1\ p+1
= it ), (G4 1= M)t ar,

di,p € N( L i£ly provided that

m’> m

mP*L G+ )M dr

-1
aip,p =1 ’
JE (G + M=+ i+ 1 —r)M=1) rrtigr
and in that case
p+1 pl
W M (o M)
— /
rM g 1Pdr = 1 -
m 7 =
(foz (G+rM=L 4+ +1—r)M-T) rp+1dr>

which clearly yields (2.22).
Besides from (2.20) and the Talenti’s Sobolev embedding for the spaces HOI. ) Stated by
[3, Lemma 5.3] we also get

2

: M—1 M % : M-1 2
/ 1" | M2 dt §SM/ ",/ |7dt < C.
0 0
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Next integrating Eq. (2.3) on (0, ¢) and using that v}, (0) =0 give

1 e
9O = /0 My, P,
Eventually Holder inequality yields

1 ! oM
/ M—1 3
|Up (t)| < m(/{) T |‘UP|M72dT>

1 _pM=2) _pM=2)
< e =TT
M=

pM-2)
M

(f )

1— p(M=2)
2M

[m}

Next lemma shows that the energy of v, is bounded also from below in each nodal zone,

and so ensures that the local extremal values do not vanish.

Lemma2.5 Foralli =0,...m — 1 we have

e g 1 T et 2 ¥
liminf/ M, 1P dr :liminf/ A A S
p=rv Jy, p=pu Jy;
In particular liminf M; , > 0.

P—>DPM

o*

2M

Here Sy, is the best constant for the Sobolev embedding of H(} y into L A}” , with 2}.‘/1 = =2

(see [3, Lemma 5.4]).

Proof Since lim % = %, it suffices to show that
p—pu
p=l
lit1,p Pl
lim inf M=) dr > Su.
p—pu \ J; 4

i.p

M-=2

We use as a test function in (2.8) the function v; , which coincides with v, in the set

(t,p, ti+1,p) and it is zero elsewhere, obtaining that

lit1,p 1 1 lixl,p
/ [M_I(U;))zdt=/ tM—l(vl{’p)Zdt =/ ZM_1|Ui7p|p+1dl=/ IM_
tip 0 0 ti.p
Hence
-1
fislp = fltM—l(v{ )2di
/ Ml V) = —2 Lp >
i,p - 2 T
t: 1 +1 Holder
i.p (fo tM_l|Ui,p|p+ldt)p
L.M—1.7 2
Jo 1M ) dt 2 _2

p+1 2%
3 >M M Sy,

2 2
% T p+1 %
M (fo1 lM71|vi,p|27‘4dt) 2

N, Pt

where the last inequality holds thanks to the Talenti’s Sobolev embedding, [36], see also [3,

2

Lemma 5.4]. The first part of the claim follows because % — 5= — 0.
M

:é: Journal: 526 Article No.: 1606 [ TYPESET [_]DISK [_]LE [_]CP Disp.:2019/9/5 Pages: 47 Layout: Small

@ Springer



G
]
]
S
(=W}
-
o
=
+—
=
<

513

514

515

516

517

518

519

520

521

522

523

524

525

526

527

528

529

530

532

533

534

535

536

537

538

539

_####_ Page 16 of 47 A. L. Amadori, F. Gladiali

To conclude the proof it suffices to notice that, due to Lemma 2.1,

M 1
(m—i)Sy < liminf/ M, ()P dr < liminf(M; )P (1 =1 ,). (2.23)
p=rm Jy P—pPm

[m}

As a corollary of the previous lemmas we obtain the boundedness of U;, , in D (0, +00).

Corollary 2.6 Fori = 0,...,m — 1 let V; ,, be the rescaled function defined in (2.10) and
extended to zero outside (t; p, ti+1,p). Then there exists 8 > 0 and a constant C3 such that

o0 2
M—1 [~
/O ‘ (viyp) dt < Cs (2.24)
for every p € (py — 8. pa).

Proof 1t is enough to observe that

o0 2 li.pM[.p 2
/ M- (v; p) dt :f M (vf p) dt
0 ti—1,pMip
2=l yny—2 [lip
— 2 M—1y 72 <
=M, /t t [v),I7dt = C3
1

~1,p

by (2.20), since pT_l(M —2) <2and M; , > & > 0by Lemma 2.5. ]

We also recall a fine estimate of the behavior of the function v, in a left neighborhood of
its zeros, which is fundamental in the computations.

Lemma 2.7
Mo’p

Mo,pn2\ 2
(1 + M(Mp—Z))

lvp (D] =

forevery0 <t <1 .
Moreover if s; p/tit1,p — 0 for somei =1,...m — 1, then for any ¢ € (0, 1) there exist
y =y(e) > land p = p(e) < ppy such that

M;,
v ()] < L > (2.25)

~ M-
e(Mipn?\ 2
(1 + M(M£2) )
forevery ysip <t < tis1, and p€ (5, pu).

The first part of the statement, concerning the first nodal zone, can be proved by performing
the Emden-Fowler transformation and following the line of [7], see also [20, Lemma 2],
where the same estimate is obtained for positive solutions. Next their arguments can be
adapted to deal with the subsequent nodal zones, as it has been done in [18, Propositions
3.5 and 3.6], where the same statement of Lemma 2.7 was proved only for integer M. Their
proof applies to any M > 2 because it only makes use of ODE arguments.

Let us remark that the previous estimates can be read in terms of the scaled functions v;
as follows
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Corollary 2.8
V0,p(t) < Vu(t) forevery0 <t < tl,p./’\\/ldo,p.

Moreover if s; p/tiv1,p — 0 for somei = 1,...m — 1, then for any ¢ € (0, 1) there exist
y =y(e) > land p = p(e) < py such that

Vi p(1) < Vi (\et)  for every )/si,pAP/?,-,p <t< ti+1,p1\~4,-,p (2.26)
as p € (p, pm)-

Proposition 2.2 will be proved proceeding forward from the first nodal zone to the second
one and so on. Hence the starting point stands in describing the asymptotics of v p in the
first nodal zone, which is a consequence of Theorem 1.2 for i = 0 and has been already
proved. Precisely the part of the statement concerning the first nodal zone is equivalent to

Proposition 2.9 For every M > 2 and any integer m > 1, My, , — 400 and v, — Vy
in CIIOC[O, +00), as p = pum.

Proof 1t suffices to take & > 0 such that N = M + «(M /2 — 1) is an integer and then apply
Theorem 1.2, which has already been proved at the beginning of this section in the particular
casei = 0. O

It will also be needed to establish relations between the asymptotics of the extremal values
in different nodal zones. To this aim we introduce another scaling of the solution v, that we
will use later on, precisely

2

wi p(r) = (i p) P Tvp(ti pr), (2.27)

which satisfies

!/
M—1,,/ M—1y,.. p=1,. A
(r wiyp) =r lw; pIP7 w; p, for0 <r <1/t ,,

wl{,p(o) = wi,p(l) =0= wi,p(l/li,p).

(2.28)

We therefore see that w; , on the interval (0, 1) coincides with the nodal solution to (2.3)
which has exactly i nodal zones, but is defined also in the larger interval (0, 1/#; ). This will
be of help when deducing the asymptotics of the extremal value in the i*" nodal zone from
the one in the previous nodal zone. We deal by now with the behavior of the function w;,
to the left of r = 1.

Lemma 2.10 Takei = 1,...m — 1 and assume that, for a sequence p,, — pu,

T = Si—l,p,,/[i,p,, — 0 (2.29)
Pn = ti,pnMifl,p,, — 400. (230)

Then w; p, — O uniformly in any set [1 —§, 1] for0 <6 < 1.

Proof For simplicity of notation we shall write w, and ¢, instead of w; ,, and f; p,. By
Lemma 2.7, for a fixed ¢ > 0 there exists y such that

2

rn—1

0

[w, ()] < foryt, <r < 1. 2.31)

M=2

e(par)® ) 2
(1 + M(M*Z))
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If 6 € (0, 1) is fixed, by hypothesis (2.29) there exists n such that yt, < 1 —§ if n > n and
(2.31) implies that for any r € [1 — 6, 1] we have

2

lwa.(r)] < Cle, 8)p" "

M+2
=o0(1)

asn—>c><>by(2.30),becausepni_—M—}—2—>—MT_2 < 0. ]
We are now in the position to prove Proposition 2.2.

Proof of Proposition 2.2 Tt is worth noticing by now that the Radial Lemma in Holy W (see [3,
Lemma 5.2]) yields

1
2 M=2
fol M-l v;,(z)l dt ) c

M —2) (M; )’ (220) (M,-,p)ﬁ '

liijp <Sip =

So, once (2.17) has been established, then both #; ,, and s; ;, go to zero, which means that
the proof is completed. Besides it is already known by Proposition 2.9 that M , — +o0,
therefore (2.17) can be proved by assuming M; 1 , — =00 and deducing thatalso M; , —
+oo. To this aim we assume by contradiction that M; , is bounded, so that the functions
v, are uniformly bounded in [#; ,, 1] by Lemma 2.1. Up to a subsequence we may assume
M p — M € (0, +00) and ti,p = T €0, 1). Indeed the occurrence M = 0 is ruled out
by Lemma 2.5, and T = 1 is not allowed by (2.23) since we are assuming M; , bounded.
Next we argue separately according to wheter

a) T =0,
b) orT € (0, 1).

In case a) we observe that the functions v, are bounded in Hol, u by (2.20). So, up to a

subsequence, v, converges to a function v weakly in HO1 - and also strongly in L'}VI for

every | < g < % by the compact Sobolev embedding stated in [3, Lemma 5.4]. It is thus

easy to see that we can pass to the limit in (2.8) so that v € HO1 ) 18 a weak solution to

— (M1 = Mgl e (0, 1,
(1) = 0.

Next we denote by ¥;,, the function which coincides with v, on (¢ ,, 1) and is null on
[0, %, p]. Since we are assuming that M; , remains bounded, Lemma 2.1 assures that 0; ,
is uniformly bounded on [0, 1] and clearly it converges pointwise a.e. to v because we are
assuming t; , — 0. So we can pass to the limit and compute

1 1
/ Mg PvHlgr = lim M 1P dr
0 p—pm Jo

1 M
: M-1 +1 N o
= lim t lop|PThdt = (m —1)S);

p=rv Jy

by Lemma 2.5. Hence v is not trivial. Eventually performing the change of variables (2.2)
backwards (and invoking [3, Proposition 4.5]) gives a nontrivial radial solution of the Hénon
problem in a ball with the exponent p,,, which is not possible by Pohozaev identity.

In case b), we look at the function w; , introduced in (2.27). In the present setting 7, =
si—1,p/ti,p — 0 and p, = ti,p/’\\/ld,-_lﬁp — 00 (since we are assuming s; 1, — 0, % , —
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T #0, /\7,-_]’,, — 00), so Lemma 2.10 implies that w; , — 0 uniformly on any set of type
[1 — 8, 1]. In particular w; , is uniformly bounded on [1 — 4, 1]. But the same holds also in
the set [1, 1/#; ,], because in that case

2

|w; p(r)| =1 ;1 |Up(ti,pr)| <M,
Moreover
|w;’p(r)| < |v;7(t,-,pr)| <C in(1-94,1/t ) (2.32)

thanks to (2.21), since we are assuming that #; ;, does not vanish. Next using the fact that w),
is a classical solution to (2.28) one sees that also |wlf’p| <Cin (1 —38,1/t ) so that, up to

a subsequence, w; , converges in C (1 =8, 1/T) to a function w which weakly solves

— (tM’lw’)/ =M-ly|pv—Lly forl —e <t < 1/T,
w(l) =0=w(/T).
Next by [3, Corollary 4.8] a weak solution w is also classical. As we already noticed that

w = 0 on the interval (1 — 4§, 1), the unique continuation principle gives that w is identically
zero. But this contradicts Lemma 2.5 since by the boundedness of w;

1T tip
0:/ tM’1|w|pM“dtzliminf/ M= w; 1P dr
1 1

pP—=>prm

1
24D _ g B M
= liminf (f; ,) 7! / M, Pt ar > (m —i)S,;
pP—>prm lip

because 2(:4'11) M — Oandt;, — T € (0,1). So neither item b) can happen and the
proof is completed. O

Eventually we prove Proposition 2.3.

Proof of Proposition 2.3 Assume for a while to know that

tiy1,p Mip — +00, (2.33)

si.p Mip = 0, (2.34)

ti.p Mip — 0, (2.35)

asp — pum, fori = 1,...m— 1. Then it is not hard conclude the proof. As the nodal domain

(ti,p Mi p, tiv1,p M;,p) invades (0, +00), it is equivalent to prove the convergence of the
sequence of functions v; , extended to be zero outside (¢; , M;, polivlp /\71,-, p) so that they
belong to Dy (0, 00). We recall that v; j, is nonnegative and solves the Eq. (2.13) in classical
sense. Moreover its norm in Dy (0, co) is bounded (uniformly w.r.t. p) by Corollary 2.6
therefore v; , converges to a function ¥ weakly in Dy, (0, 00), strongly in L9(0, co) as
q = 2}, and pointwise a.e., up to a subsequence.
We can then pass to the limit in the weak formulation of (2.13), provided that the functions
rM-1 p ip are uniformly dominated by a function in L0, 00) (for p close to pys). First
observe that we can apply Corollary 2.8 thanks to assumptions (2.33) and (2.34). More
precisely we know that for a fixed ¢ > 0 there exist y > 0 and p € (1, py) such that for
every p € (p PM) andr € (J/Sz le P lit1, le p)

Ui, p(r) < Vi (Ver)
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and, recalling that v; , = 0 when r > t,-+1,p/\7l/,-,p and ysi,p/%,,, — 0, taking eventually a
larger value of p, we have for every r > 1

IA

M—1 "Ji,p(r)|p

_ _ er? N
pM=1 (VM(\/EI’))p = M-l <1 + ) 2))

< cpM-1-(M-2)p

which belongs to L (1, oo) for p > M 5. Forr € (0, 1), instead we have

M (i,-,p(m)" <1

by construction. Then it is easy to see that the limit function v is a weak solution to the
equation in (2.14).

Eventually one can see that the limit function v is not null and satisfies 7(0) = 1, and so
that it coincides with the function V), identified by (2.16), see also the “Appendix”. This can
be seen by using the same arguments of [27, Lemma 6]. Indeed s;. p/\ﬂ;lli, p 18 a critical point
for v; , and integrating (2.13) on the interval between s;, ,,/\7 i,p and t gives

1

v, =—1""M / PMAGP dr forty y My <t <tig1p Mip.  (236)

lp

si,pMip

Moreover for every r > 0 (2.34) assures that s,-,p/\f;t/,-’p < r for p near py; and so (2.36)
gives

r r
o) =—r'M / MG dr > M / Mtar
P Lp
Si pﬂi,p Si p/{/tvl P

I
|
<~
T
|
12
:;.
~ §2
S
SN———"
N
SNS——
|
|
<~

Then, recalling that T)},p(s,',p/’\\/ldi,p) =1, we have

r r
~ ~ t
vip(r) =1+ / v ,(0dt > 1 — Lé=1-

sipMip si,pMip

N (Si,pﬂi,p)z
2M 2M '

Therefore by the pointwise convergence, and using (2.34) once more, we get

l”2
1> >1—-—
i =1-oy
and the claim follows.

Since v is a weak solution to (2.14) that satisfies v(0) = 1 then v = V). Let us also
remark that we have proved that any sequence p, — py admits a subsequence px, — pm
for which v; ., — VM, which yields that Ui, p — Vi indeed.

Further 7; T Vip —> Vi alsoin CH(R™L, R) for every R > 1. Indeed (2.33) and (2.35) ensure
that #; pM, p < R™ '« R < titl, pM, p for p near py . Therefore, remembering that
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0 < %, < 1, we have by (2.36)

t
v, <M / M=ldr| < C in(R7', R)

i,pMi,P

thanks to (2.34). Lastly it is easy to get an uniform bound for '171” »
a classical solution to (2.13) in (R~!, R).

It remains to prove that (2.33)—(2.35) hold true. To this aim we insert for a while the index
denoting the number of nodal zones and we let then vi; be the nodal solution with j nodal

using the fact that v; , is

2 .
domains. By (2.27) we have that w; , 1= (ti””p) =T v? (ti'f’pt) coincides with v’p on (0, 1). This
implies that

2

i—1p = WM,
and also that
i i
=i,
tl’”p ¢
which together yields
im w1 +1 i+1
tin,lp Mz—l N Mz—] P’ Stmp M:np = Mi P’
fori =1,...m — 1. Therefore (2.17) implies (2.33). We claim that
Sl’jrffl,p ~%71,p — 0 asp— pu, 2.37)

from which it follows (2.34) and then, in turn, (2.35).

For simplicity of notation we write v,, s, f,, and M p instead of v s o tm oo pa and
M;’Z_l ’r We begin by checking that
spMp<C. (2.38)
We assume by contradiction that s, M p — +00 and look separately at the two cases
() Mp(ty —5p) > 0,
(i) Mp(t, —sp) = A € [—00,0).
In the first case we look at the function v, := ¥,—1,, introduced in (2 10). It is easy
to see that v’ v, is positive, increasing and concave on (ap, by) = (tpM P spM ) with
Vp(ap) =0 < V,(1) < Vy(bp) = 1. So there exists a sequence &, € (ap, bp) such that
~ ,(by) — Vy,(a 1
v &, = LT 0] — +oo,
by —ap bp —ap

and by concavity also '17;, (ap) — +00. On the contrary the estimate (2.21) yields

p+1Jrl pM=2

1- p 2
~ 1 ap Coty, C t
Vplap) = —55—v, (/\7 ) < T - — 0
Mmz—l,p m=1Lp (Mm 117) - ([pMmfl p) -

because necessarily , M, 1, , diverges, since we are assuming (i), while ﬁ—ﬂ +1- pMT’Z

is positive and converges to 0.
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In the second case we introduce the notation
Ap:(tp—Sp)Mp, Bp:Mp(l_sp)v

(_l)m—l

N t
V,(t) = Tpv,, (/% +s,,> fort € [Ap, Bpl.

Notice that 9, solves

A M—1 ~
=05 — T, 0 = 10517710 t € (Ap, Bp),
0 < 0p(1) =0p(0) =1, ﬁ;,(O) =0 1€ (A, Bp). (2.39)

ﬁp(Ap) =0= lA)p(Bp)a

with A, — A < 0 by assumption (ii) and B, — 400 by (2.17), (2.18). Integrating the
equation in (2.39) we get for ¢ € [0, B)]

0,01
14+ Mps,  (t+ Mpsp)M

M
<Lz (L) <L
M t+Mps, - M

Besides taking t € [—§,0] with 0 < § < —A/2 and integrating the equation in (2.39) on

(z,0) gives

0,0
4+ Mys, @ +Mpsp)

M ~ M
<1 (Ljﬂ) )<L (Lﬁ’) —1) <c©.
= \\i ¥ M5, = \\ =5+ M, =

So v, converges in C 110, 4+00) to a bounded weak solution of

/(r+Mpsp)M 150 (t)dt

/(T—I-MPSP)M 90(r)dt

which is non-trivial because 0(0) = 1. This is not possible because v should be strictly
convex.

Now that it has been assured that s, M p is at least bounded, we take that (2.37) does not
hold, which means that (up to a subsequence) s, M p —> S0 > 0. We check that it is not
possible by arguing separately according whether

@D 1, /\Zp — 50,
an tp My — 0,
(D) ort, M), — to € (0, sp).

Case (I) can be ruled out arguing as in the previous case i). Also here we get that 5’p (p M )~
00, while estimate (2.21) would imply that it stays bounded.

Otherwise in case (II) we consider agam the function v, := Vj,—1, introduced in (2.10) and
extended to zero outside (tp./\/l P p) SO that it belongs to Dy (0, 0o) and by Corollary 2.6 is
umformly bounded in Dy, (0, 00). Now (tpM P p) invades (0, 0o) because we are taking
that t,,M P 0 and (2.17) holds. Then the same arguments used in the first part of the proof
show that v, — ¥ weakly in D (0, c0) and in Cloc (0, 00), where v weakly solves

/
- (tM‘lf/) = M=1GPn | a5t > 0. (2.40)
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Therefore v has to be a suitable rescaling of the function Vj, as showed in the “Appendix”.
In particular it has only one critical point at » = 0. On the other hand the functions v, have a
critical point at s p./\/l p — so > 0, and by the convergence in CIOC (0, 00) sp is a critical point
for v.

At last case (IIT) can be ruled out following the line of case b) in the proof of Proposition 2.2.
Precisely we look at the function w, = wj,_1, introduced in (2.27), and check the hypothe-
ses of Lemma 2.10. Equation (2.30),i.e. pp =1, _, pM:Z—Zp — 400 is ensured by (2.33).
Concerning (2.29), it is trivial for m = 2, whlle for m > 3 rescaling we get

m A qm _
Sm72,p m—2,p — Sm— ZpMm 2p =C

by the previously proved property (2.38), so that

_Jm Aom _
fp—sm—z,p/tm lp_C/t 1,pMm—2,p—C//0p—>0-

So Lemma 2.10 gives that w, — 0 uniformly on any set of type [1 — &, []with0 < § < 1.
In particular it is uniformly bounded on [1 — §, 1]. On the other hand w), is bounded also in
[1, 1/t,] (uniformly w.r.t. p) because

2
lw, ()| <t} Mp = (t,M,)7 1 < C
by assumption. Moreover s/t is a critical point for w, which converges to so/fo, and the
corresponding maximum value is
z 2 M2
1

wp(sp/tp) =15 1op(sp)l = (1p M) 7~
Integrating the equation in (2.28) gives

,
lw), ("] < r‘*Mﬁ M Nw,@)|Pdr < €
i
whenever r € (1 — 6, R) for any fixed R > 1. Next since w), is a classical solution to (2.28)
it is easily seen that also Iw; (r)| is bounded for r € (1 — 4, R), so that w,, converges in
loC(1 8, +00) to a function w that weakly satisfies
- (tM_lw/)/ =M-Tjwpu=ly ast>1-34,

M2
w(so/to) =1, >0,

w(l) =0.

This is not possible because w should be identically zero by the unique continuation principle,
as we have seen that w coincides with zero on (1 — 8, 1]. O

2.2 Some consequences of the convergence result

We conclude this section by pointing out some qualitative properties of the auxiliary functions

2

Zp(r) = rv;,(r) + 1vp(r) forO<r <1, (2.41)
=

fp(r) = prlv,(r)|P~! for0<r <1, (2.42)

fip() = fp <M ) = pr2|bi (P~ fort y M, <1 < tiz1 My, (243)
i.p

@ Springer

:é: Journal: 526 Article No.: 1606 [ TYPESET [_]DISK [_]LE [_]CP Disp.:2019/9/5 Pages: 47 Layout: Small




G
]
]
S
(=W}
-
o
=
+—
=
<

773

774

775

776

777

778

779

780

782

783

784

786

787

788

789
790

791

795

796

797

798

799

800

801

802

803

804

805

806

807

808

809

_####_ Page 24 of 47 A. L. Amadori, F. Gladiali

(fori = 0,...,m — 1) that can be deduced by the convergence established in Proposi-
tions 2.2, 2.3 and 2.9, and shall be useful when investigating the asymptotic behavior of the
eigenfunctions and eigenvalues related to v, in next section.

Lemma 2.11 The function z, has exactly m zeros in (0, 1), one in each nodal domain
(ti,p» ti+1,p) of vp, that we denote by &; |, fori =0,1,...m — L.

Moreover &; ), is the unique critical point in the nodal domain (t; p, ti11,p) of the function
fp» which is strictly increasing in (t; p, & p) and strictly decreasing in (&; p, tiy1,p).
Further s; , <& p < tiy1,p-

Here we denote fy , =0 and t,,, , = 1.

Proof The first part of the statement, concerning z,, has been proved in [5, Lemma 4.7].
Next it suffices to compute

2
-3
fy= 0= Driwpl " up (=

lv[J —i—rvp’) =(p— 1)r|vp|”’3vpzp,

as r # t; p, and the second part of the statement follows trivially. In particular &; , > s;
because in the subset (#; p, s;, ) the functions v, and v"D have the same sign, so that f1; > 0.

O
Lemma2.12 Foreveryi =0,...m — 1, as p — ppy we have
. (M +2)r? 2\
fip(r) > Fr) = —r— <1 = 2)) (2.44)
uniformly in [R™L, R] for every R > 1 and also in [0, R] when i = 0. Moreover
& pMip > E €(0,00) (2.45)

where & is the unique maximum point of the function F.

Proof The convergence of ﬁ p is an immediate consequence of the one of 7;,, stated in
Propositions 2.9 and 2.3. Notice that while proving Proposition 2.3 we have shown that
ti p_/\/ll p — Oand t; pM, p — ~oo. Since the function F has only one critical pomt
£ € (0,400), which is its maximum point, it follows that the maximum point of f, »

converges to £. On the other hand it is clear by construction that the maximum point of fl
is &, p/\/ll, pe O

Let us also recall an estimate obtained in [18, Proposition 3.6] for integer values of M
that we extend to every value of M.

Lemma 2.13 The function f), satisfies 0 < f,(r) < C forr € [0, 1], uniformly w.r.t. p in a
left neighborhood of py.

We report here a slightly different proof, in view of further estimates that we aim to obtain.

Proof The first assertion of Lemma 2.7 implies that for every r € [0, 11, )

52

0= fpr) = ng(ﬂo,pr) being g,(s) := TR
(14523

Since the functions g, are uniformly bounded on [0, +00) (as p > %), it follows that also
fp are uniformly bounded on [0, 71 ,].
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Next we know that, foreveryi = 1,...,m—1and K > 0, If,',p — Vi uniformly in [%, K].
As Vi has a positive minimum on the set [%, K1, it follows that

[Vi,p(1)] <2Vyu(r) in [%, K]

as pyy —6 < p < py forsome § = §(K) > 0.
As in the previous step it follows that

Fp(r) <2p gpy (M pr) < C (2.46)

in the interval [(KM; »)~!, KM; ) 1for p € (pm — 8, pu).

On the other hand in force of (2.45) we can choose the parameter K in such a way
that the maximum point of f,(r) in the interval (t; ,,fiy1,p), .. & ,, is contained in
[(K./\F;ll,',p)_l, Kﬂf;}], implying that 0 < f,(r) < C in the interval (¢ ,, fiy1,p) for
i =1,...,m— 1 concluding the proof. O

Similar arguments also allow us to show the following estimate.

Lemma 2.14 For every & > 0 there exist K = K(¢) > 0.and p = p(e, K) > 0 such that,
denoting by

Gip(K):={re©1): KMi_1,) " <r<(KM; )~} fori=1,...m—1,
G p(K) :=1{r € (0,1) : K(Mp—1,)"" <r <1}
it holds
m
max { fp(r) :r € U Gip(K); <e (2.47)
i=1
forany K > K provided that p € (p, pm).

Proof To begin with we choose K > 0 such that K > max{&, "'} and PMEpy (K™Y,
PMmEpy(K) <e/2forany K > K . Here & is the maximum point of the function F mentioned
in Lemma 2.12 and g, is the same function introduced in the proof of Lemma 2.13, and
the choice of K is possible because gp,, (0) =0 = r—1>ir-',r-loo &pu (7).

Next (2.46) yields that there exists p; = pj (K, ) such that
Fo((KMi )™, fp(KM[)) <& forpi <p<puandi=0,...m—1.

Then (2.45) yields that there exists p = p(K) > p; such that &, p, the unique critical point
of f) in the interval (¢ ,, ti+1,p), satisfies

(KMip) ' < (KM )7 <&, < I?/'\Z;;, < KM;:!

ip forp<p<pyu

andi =0,...m — 1, forany K > K. Remembering also that fp is increasing in (#; p, & )
and decreasing in (§; , fi41,p) by Lemma 2.11, it follows that

fp() < fo (KMip)7!) <& for K(M; ,)™" <7 < tig1,p, fori=0,....,m—1,
£ = fp (KMG) <6 forny <r < (KMip™,  fori=1,....m—1

for any K > K, for the same values of p. O
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3 The computation of the Morse index

In this section we address the computation of the Morse index of the nodal radial solution u
of (1.1) when p approaches the threshold p,. By definition the Morse index of u ), that we
denote by m(up), is the maximal dimension of a subspace of HO1 (B) in which the quadratic
form

Q,(w) :=/ (IVwl? = p x|¥lup|~ ' w?) dx
B

is negative definite, or equivalently, is the number, counted with multiplicity, of the negative
eigenvalues in HO1 (B) of

{ —A¢ — plx|*luplP~ ¢ = Ai(p)¢ in B

¢=0 on dB. (3.1)

Similarly the radial Morse index of u,, denoted by m,q(u ), is the number of negative
eigenvalues of (3.1) in H(}’rad(B), namely the eigenvalues of (3.1) associated with a radial
eigenfunction. It has been proved in [3, Proposition 1.1] (since p|x|"‘|up|1’_1 € L*(B))
that the number of negative eigenvalues of (3.1) in HO1 (B) (or in Hol, rad(B)), counted with
multiplicity, coincides with the number of negative eigenvalues of the singular eigenvalue
problem

—AG — plx|*lup|P~'$ = l’ﬁ% in B\ {0} (32)

$ =0 on dB,
in Hy (B) (orin Hj . 4(B)). This allows us to give this alternative definition of Morse index:

Definition 3.1 (Alternative definition of Morse index) The Morse 1ndex of u, is the number,
counted with multiplicity of the negative singular eigenvalues A (p) of (3.2) in Ho (B).
Moreover the radial Morse index of u, is the number of negative singular radial eigenvalues
A (p) of (3.2) in H 10 (B).

These eigenvalues A,-( p) are well defined in Hé (B) (by the Hardy inequality) as far as

Ai( p) < (u)2 and have the useful property that can be decomposed as

Ai(p) = AR(p) +2j, (3.3)
where A; = j(N + j — 2) are the eigenvalues of the Laplace—Beltrami operator on the
sphere Sy_1, and Arad (p) are the radial singular eigenvalues of (3.2) which are all simple,
see [3] where a complete study of the singular eigenvalues and their properties has been done.
Further if ¢ is a radial eigenfunction of (3.2), the function

-~ . 2w
Y(t) =¢@(r) with t =r 2
is a generalized radial singular eigenfunction of the singular Sturm-Liouville problem
— (M) = M pluy Py = M0 (p)y fort € (0,1) (3.4)
v € Hy y '
where v, as in (2.2) is a solution to (2.3) as in Sect. 2 and M = M (e, N) has been defined

in (2.4). These eigenvalues V; (p) are well defined in H&M as far as V;(p) < (#)2 and
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satisfy

~ 2+4a\’

Af(p) = (T) Vi (p). (3.5)
To deal with problem (3.4) we define by £, the Lebesgue space

1
Ly :={w :(0,1) — R measurable and s.t. / M=3wldr < 00}
0

with the scalar product fol rM=3y;w dr, which gives the orthogonality condition

1
wl Y <=>f tMBwydt =0 forw, ¥ € Ly.
0

In virtue of an extended radial Hardy inequality for H& u in [3, Lemma 5.5] HO1 u C Ly
and this allows us to characterize the eigenvalues D by the minimization problems

Jo M= (@2 = ploplP~ w2dr) dr

Vi(p) = inf ,

weH] Jo tM=3w2ds

w#0
_ , Jo M7 ()2 — ploy P w?dr) dr (36)
Vi (P) = inf 1
weH] Jo tM—3w2dr
w#0
wly Y, ¥io1})
where v for j = 1,...,m — 1 denotes an eigenfunction associated with V;. Every time

~ _9\2 . . o~ ) .
Vi < (%) , the function which attains V; is a weak solution to (3.4) meaning that

1 1 !
/0 Mlyly! dt—p/o M, 1Py di =3i(p)/o M3y dr (3.7

for every ¢ € Holy - These generalized radial singular eigenvalues V; (p), (associated with
v,) have been studied in [3, Sect. 3.1] where it is proved that they are all simple and that
eigenfunctions associated with different eigenvalues are orthogonal in £j,. Moreover the
only negative eigenvalues of (3.4) are

Vi(p) <V2(p) <o <Vm(p) <0 (3.8)

and satisfy
Ti(p) < —(M — 1) fori=1,...m—1, (3.9)
— (M —1) <Vu(p) <0, (3.10)

for any value of the parameter p, see [5, Proposition 3.3 and Theorem 1.3]. Then (3.5),
together with Definition 3.1, implies that m,q4(u;) = m, the number of the nodal zones of
Up.

Furthermore putting together Proposition 1.4 of [3] and Theorem 1.3 from [5] we have
Proposition 3.2 Let « > 0 and let u ) be any radial solution to (1.1) with m nodal zones. The
Morse index of u is given by

m [Ji—1]

m(p) =Y Y N, (3.11)

i=1 j=0
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where [t] = min{k € Z : k > t} stands for the ceiling function,
2+« M—-2\* _ M—-2
Ji(p) = 5 \/< 5 > =vi(p) — 7 ,

N — (N+2j—2)(N+j—3)!
I (N —2)!j!
stands for the multiplicity of the eigenvalue Aj = j(N + j — 2) of the Laplace—Beltrami
operator in the sphere Sy _1.

and

Therefore the asymptotic Morse index of u , as p — p,, can be deduced, by the asymptotic
behavior of the generalized radial singular eigenvalues v; ( p) and of the related eigenfunctions
Yi,p of (3.4) as p — py which are associated with the function v, defined in (2.2) and
studied in Sect. 2. This will be the topic of the remaining of this section.

3.1 Asymptotics of the singular eigenvalues |A/,~(p) fori=1,...,m—-1

For simplicity of notation in the present subsection and in the next one we shall write v;(p)
instead of V;(p), and we will denote by ¥; , € Holy u the corresponding eigenfunction to
(3.4) normalized such that

1
.A M3y o pdr = 8k (3.12)
Foreveryi =0,...m —1and j =1, ..., m we also introduce the rescaled eigenfunctions
~ 2M L~ ~
J} ) 1= (M p) 2 Wj’p(ﬁ) if Miptip<r <M ptivip, (3.13)
' 0 elsewhere,
where t; p, ti11,p are the zeros of v, as in Sect. 2 and /\7,3,, isasin (2.11), in such a way that
© M-3,7i 2 ! M-3_,2
/0 e ) drf/o Ty, dr =1, (3.14)
M1, i 2 ! M-1 2
A r‘(WﬁgﬁdrSA;ﬂ—(%m)dn (3.15)
Then the functions 1}} » belong to the space Dy (0, co) for every i = 0,...,m — 1 and
j=1,...,msince ¥; € HOI’M and they satisfy

—1,7i ! - i, vilp) i ~ ~
_ (rM 1(\”]‘,1;)/) — M-l <Wp + Jr2 ) wj’p as M; pti p <1 < M; ptit1,43.16)

where
W) = p o7 (3.17)

and V; p is as defined in (2.10). By the asymptotics of v; , in Propositions 2.3 and 2.9 we
have that

. M+2 r2 -
Wi — W) =3 <1 b 2)) (3.18)
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in Clloc[O, o0) fori = 0 and in CIIOC(O, oo) fori = 1,...,m — 1, therefore the eigenvalue

problems (3.16) have a unique limit problem which is the following

_ (rM—l(I;),)’ — M-l (W + %) ¥ as r € (0, 00), (3.19)

and admits as nonpositive eigenvalues in the space D)y, (0, co) only the two values g1 =
—(M — 1) and B, = 0 with corresponding eigenfunctions

2

1—
r M(M—2
M) = ——————p, m) = —— (320)
I 7 r 5
(1+ M(Mfz)) ’ (1+ M(M72)) -
see the “Appendix”. We recall that an eigenfunction 1 is a weak solution to (3.19) if it satisfies
o0 o0 ﬂ
/ Mo dr = / rM-l <W + ﬁ) ne dr (3.21)
0 0

for every ¢ € Dy (0, 00).
Let us prove some useful properties, which inherit all the m negative eigenvalues and the
related eigenfunctions.

Lemma 3.3 There exist § > 0 and C > 0 such that for every p € (py — 8, pm) we have
—C =vi(p) <va(p)--- <vu(p) <0 (3.22)
/OoorM‘l((J},p)/ﬁ dr<C (3.23)
foreveryi =0,....m—1landj=1,...m.

Proof Using r; p, as a test function in (3.7) gives

! 2! v (p)
M—1 / _ M—1 -1 J 2
/0 r (l[fj,p) _/0 r <p|vp|P + p )ijpdr

1
= / P (fp +vi(p) ¥i dr

0

(3.24)

where f), is as defined in (2.42). Taking advantage from (3.12) one can extract vy (p) getting
that

1 2 1
vi(p) = /0 M (Y,) =M 0T dr =~ swp () /0 M3y dr = —C

re(0,1)

for p near pyy, thanks to Lemma 2.13.
Besides, since vj(p) < 0 for j =1,...,m by (3.8), (3.24) also yields that

1 5 1 1
M—l( ’ ) / M-3 2 M=3_,2 _
r e < r fp¥i , dr < sup f(r)/ r vs  dr =C.
/0 J.p 0 pPYj.p re@.1) p 0 J.p
So also (3.23) is proved, recalling (3.15). O

From the boundedness of the eigenfunctions in (3.23) itis easy to deduce that they converge
to eigenfunctions of the limit problem (3.19).
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Lemma3.4 Let j = 1,...m and p, be a sequence in (1, pyr) with p, — puy. Then there
exist a subsequence (that we still denote by p,), a number v; < 0, a weak solution to (3.19)
with B = vj, called n, and m numbers A(}, - A;f'fl € R such that

vi(pp) = Vj
i
JsPn
fori=0,....,m—1.
Further for j = 1,...m — 1 the sequence w? P, CONVErges to A(J).n also in CIIOC[O, 00).

— AS’U weakly in Dy (0, 0o) and strongly in Clloc (0, 00)

Proof By (3.9), (3.10) and (3.22) it is clear that there is a subsequence Vip, = Vj =< 0.
Moreover the normalization (3.14) and the estimate (3.23) imply that W are uniformly

bounded in Dy, (0, co) fori =0, ..., m—1.Then, up to another subsequence w;, p, converges
to a function n weakly in Dy, (0, 00). It is not hard to see that one can pass to the limit in
the weak formulation of (3.16), getting that n is a weak solution to (3.19) with 8 =v; < 0.
Indeed (2.33) and (2.35) ensure that, for every ¢ € C °°(0 oo) and for n sufficiently large,
the support of ¢ is contained in (; p”M, s L1, pnM, pn)» Where (3.16) holds. Moreover
W/ p, converges to 7 also in L2 (R ,R)aswellasin £y (R™!, R) for every R > 1, by [3,
Lemma 5.4].

Besides n € Djy;(0, 0o) and hence n € HJ,I(O, R) for every R > 0, and by [12, VIII.2]
neCl,R).Ifr;,r > R~ > 0 we have

. . rno_. ) 2
Lo(r) — vt (r ‘</ L Y()|dt < C(/ t]_Mdt>
) =¥ ()| = " W) O Holder and (3.23) "

<CR 7T e [ry —ra],

so the Ascoli Theorem ensures that (up to another subsequence) &i — 7 uniformly in
any set of type [R™ !, R]. Next taking advantage from the equation in (3 16) it is easy to get
a bound for 1//’ in CZ(R‘1 R) which ensures that it actually converges in CY(R™L R).

Further When i = 0 we also know that Won is uniformly convergent (and therefore
uniformly bounded) on any set of type [0, R]. Consequently the arguments in [16, Lemma
5.9] and [3, Proposition 3.8] prove that

M 2

—2\?2 M —
\<w, p,l)(r)‘scre,«pn)—l, ej(pn)=\/(2> —vj(pn)—T (3.25)

on [0, R]. Moreover when j = 1,...m — 1 the estimate (3.9) ensures that 6;(p,) > 1 for
every n. Therefore (3.25) states that (wo )’ is uniformly bounded also in [0, R] and Ascoli
Theorem gives uniform convergence of W?, . in [0, R] as before. The C! convergence then
follows from the uniform converge of J? n recalling that integrating (3.16) and using (3.25)

one easily gets
_ 1-M 0 Vj (pn)
(WJ p) =T /0 <an + ) W, P d

m}

Remark 3.5 Since the eigenvalues and eigenfunctions of the limit problem (3.19) are known,
an immediate consequence of Lemma 3.4 is that either A*, = O foreveryi =0, ..., m—1,0r
v; takes one of the values —(M — 1) and 0, and either n =y (if v; = —(M —1))orn =1
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(if v; = 0). Further when j =1, ...m — 1 the inequality (3.9) ensures that v; = —(M — 1)
and therefore n = n;. Concerning j = m, the corresponding inequality (3.10) leaves open
also the possibility v, = 0 and n = n>.

The previous remark puts in evidence that the eigenvalue v, has to be treated separately.
We deal by now with the first m — 1 eigenvalues and show that

Proposition3.6 Let j =1,...m — 1, then
lim v;(p) =—(M —1).
P—>Pm

Moreover for any sequence p, in (1, pyr) with p, — py there exist a subsequence (that we
still denote by py), and m numbers A9, . .. A;-”_l € R not simultaneously null such that

Ti i
jon — AGM

1
loc

foreveryi =0,...,m — 1, weakly in Dy;(0, 00), and strongly in C,
CL [0, o0) fori = 0.

loc

(0, 00), and also in

Proof As mentioned in Remark 3.5, it suffices to rule out the possibility that for every
i=0,....,.m—1,

{ﬁ;p — 0 uniformly in any set [R_l, R] and alsoin [0, R]ifi = 0. (3.26)

‘We show here that if (3.26) holds true then

1
/O M3 w7, dr >0, (3.27)

where f), is as in (2.42). This is not possible (and so the proof is completed) because repeating
the computations in the proof of Lemma 3.3 gives

1 1
—(M—1)>vj(p)=/0 rM‘l(w}’p)zdr—/o rM_3fp(r)lﬁipdr

1
> —/ M7 (s, dr
0

To check (3.27) we begin by taking any ¢ > 0, applying Lemma 2.14 and splitting the integral
as

1 K (Mo,p)7! o KMip)™!
M-3 2 M-3 2 M-3 2
/ M7 fpy pdr = / AUEDY / Y
0 0 =1k My -

m
M-3 2
+Z/G rMI3fy? dr
i=1

i,p (k:)

where K (and consequently G; ,(K)) is chosen in such a way to satisfy (2.47). So using also
(3.14) we obtain

m

1
Z/ rM73fp1/f/2-’pdr < 8/ erSI/ij»’pdr =e.
Gi p(K) 0

i=1
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w35 On the other hand exploiting the uniform convergence stated in (3.18) we also have

K(Mop)! K (Mo p)!
M— 2 M—1 —1.,2
"‘5 1036 / r 3f,,1/fj,pdr =p / r |Up|p ]/fj,p dr
2 0 0
f: K _ K .
° R :/ SM71W2(\/f§-)p)2ds—>/ MW@ ds =0
f:_, 1038 0 ’ 0
=
Bl o by (3.26), and similarly
K(M; ! K(M; !
_3 — —
1040 [ M fpllfj%pdr =p f M 1|Up|p llﬁjz’pd}’
(KM p)! (KM p)!
1061 :/ sM71W;(1p}p)2ds—>/‘ MW ds = 0.
1042 K-! ’ K-!

1043 Summing up we have proved that lim sup fol pM=3 fp 1//12 » dr < e for every positive € which
P—pm '

s clearly gives (3.27) since f), > 0. O

wss 3.2 The last negative eigenvalue

14 As mentioned before, the last negative eigenvalue v, (p) has a different behavior from the
a7 first m — 1 ones, which is enlightened by the different global bounds (3.9) and (3.10). In the
148 case of Lane—Emden equation studied in [18] the relation (3.10) is sufficient to determine
1049 its contribution to the Morse index, therefore there is no need for further investigation. This
ws0  is not the case anymore for the Hénon equation, where the exact computation of its limit is
1051 necessary to compute the asymptotic Morse index.

1052 To this aim a more detailed knowledge of the asymptotic behavior of the previous m — 1
1053 eigenfunctions may help.

wss  Lemma 3.7 Forevery 8 > O there exist K > 1 and p € (1, py) such that
1055 / PMByr dr<8  fori=1,..m j=1,..m—1, (3.28)
Gip(K)

wss  forevery K > K and p € (p, pm).

w07 Here G; p(K) = (K(f\zi_l,p)’l, (K/\f;l/,-,p)’l) denotes the subset of (0, 1) introduced in
e Lemma 2.14.

s Proof Lete € (0, 1/2). By Lemma 2.14 we can choose kl(e) and p; = pi(e, K1) in such
weo a way that for every K > Ky and p € (p1, pym) we have

1061 / M7 fous dr < e/ MIyr < e (3.29)
Gi p(K) Gip(K) (3.12)
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fori =1,...,mand j =1,..., m—1.Hence multiplying Eq. (3.4) for ¥/; , and integrating
over G; ,(K) yields

oy [ = [ e s [ R ar
Gi,p(K) Gip(K) G

i.p(l()
< / M=yl Y dr 4 e (3.30)
329 Jg, ,K) P

Next we write

a=KM_1,)"" fori=1,..m,
either B = (KM; ,)"!  fori=1,...m—1, orf=1 ifi =m,

so that G; ,(K) = («, B) and integrating by parts we have

/G T e = [ g 4 BN B0, 8)

Gi.p(K)
— MY (@) (@)
But by the definition of 1;, p we have either
oMyl (@) p(e) = KM KD @) (KD,
B (B (B =K' TMY (KT @ ) (KT,
ifi=1,...,m—1,or
B LB (B =0
if i = m. Therefore the convergence in Proposition 3.6 implies that when p — pj, either
Y (B p(B) — M (@) ()
— (AN KM (KD (KT — AT DKM (K) ) (K)
ifi=1,...m—1,or
— —(ATH2KM T (K) ) (K)
if i = m. Besides there exists K > K| so that for any K > K
—& < KMy (K (K) < KMy (K~ Yy (K™ <& (3.31)

This choice is possible because n; has only one critical point, which is a maximum, and
n1 (1), t"”—]m(z)n/l (t) > Oast — O and t — oo. Then we can choose pr» = pa2(¢, K) in
such a way that

[ e < [ ) e
Gip(K) Gi.p(K)

for p € (pa, pm) for any K > K. Here the constant A only depends by the coefficients A’]
Inserting this bound into (3.30) gives

—vj(p)/ rM_Swjz»’pdr < (1+Ae
(;i.p(l()
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in the same range of the parameter p. Moreover 3.6 yields thatalso —v;(p) > (M —1)(1—¢),
possibly increasing po. Hence recalling that ¢ < 1/2 we get

1+A
/ rM73¢}pdr< + ¢ <Ce
Gi,p(K) ? M—-11-—¢

where C only depends by A and M, and this concludes the proof. O

Lemma 3.8 The constants A; in Proposition 3.6 satisfy

m—1 “+o00
> ALAL / rM302dr = 5 (3.32)
i=0 0

forevery j,k=1,...,m— 1.

Proof Let
1 m—1 “+0o0
HO = [P e = Y Apa [
0 -
=0 0

By (3.12) we have

m—1 +00
Sjk — Z A’jA}C / rM73n%dr = H(p)
— ,

for every p € (1, py), and the claim can be proved by showing that H(p,) — 0 for the
sequence p, which realizes

i i

wj’P)l Yy A]nl
fori =0,...m—1and j =1,...m — 1, according to Proposition 3.6. More precisely we
will show that for any ¢ > 0 we can choose 7 in such a way that |H (p,)| < e asn > n.Notto
make notation even heavier, in the following we shall write p meaning p,, and p € (p, py)
meaning n > n.

Let K > 1 be a parameter to be chosen later on according to €; we split the interval (0, 1)
in the same way used in Lemma 2.14 and write

" K(Mo,p)~!
Hp)=)_ / PM3 g Y pdr + f PM7 g Wk pdr
=16, (k) 0
. -1
oy KMip) .- +oo
M-3 [ Al M-3 2
+ Z / r Vi pWk, pdr — Z A’jA;( / r nidr.
l:l(K./\fZ,gp)_l i=0 0
Now
1 1
2 2

/ I‘M_31//‘j7p1//k’pd}’ < / rM_31p./2-’pdr / rM_Slﬁ,?,pdr ,

i,p(K) Gi,p(K) Gi.p(K)
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so Lemma 3.7 yields that we can choose Ko = Ko(e) and py = po(e, Ko)
that

/ rM731//j,p1ﬁk,pdr <¢e/3m

i,p(K)

for K > Ko and p € (po, pum).

in such a way

(3.33)

Besides rescaling and using the convergence in Proposition 3.6, it is easy to see that for every

K
K (Mo, )" K K
M-3 M-370 70 040 M-3
r wj,plﬁk,pdrzfr I/Ij’pl/fk’pd}’—) AjAk/r

0 0 0

as p — pu, as well as
K(M; )7 K K
P73y e pdr = / PMgE U pdr — ALA; / rM

(Kﬂi.p)_l K1 K-!

n%dr

_317%511’

fori =1,...,m — 1. Since rM=3n? € L1(0, 00), there exists K = K;(¢) > 1 such that

-1

=

o0

-1
40a0) [~ pu3 2dr+m2 | AL AL
. m %
i=1

o

K

rM_3n]2dr+/rM_3n%dr <¢g/3

as K > K and consequently for any K > K we can choose p; = pi (g, K) in such a

way that
K (Mo.p)™! o KM )™
My W pdr + Y / M3y pdr
0 =N M)

m—1 +00
—ZA’}-A}; / rMASn%dr <2¢/3
=0 0

for every p € (p1, pu)- Putting together (3.33) and (3.34) gives the claim.

Corollary 3.9 There exists an index k € {0, 1, ...m — 1} such that

m—1

00 —1
Z(A’;)2 < </O t”“%fdt) )
j=1

Proof Let C = ([t —3nfdt)’1. Using (3.32) with j = k we immediately
m—1 )
Y (Ap*=c
i =0

:é: Journal: 526 Article No.: 1606 [ TYPESET [_]DISK [_]LE [_]CP Disp.:2019/9/5 Pages: 47 Layout: Small
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forevery j = 1,...m — 1. Therefore

m—1 [m—1 m—1 /m—1
> (L) - X (L) = on-ve

i=0 \ j=I j=1 \i=0
m—1

Since all the m terms Y (A’j)2 are nonnegative, at least one among them should satisfy
j=1

m—1
zymy<m‘1C<c

D= :
=1

[m}

Such index k will play a role in the proof of next proposition, which is the main result in
the present subsection.

Proposition 3.10 We have
lim vy,(p) =—(M —1).
P—>rm

Moreover for any sequence p,, in (1, pyr) with p, — pu there exist a subsequence (that we
still denote by p,), and m numbers A?n, - Aﬁ_l € R such that

1;151,;7,, — Ain n
weakly in Dy (0, 00) and strongly in ClloC (0, 00).
Proof By virtue of Lemma 3.4 and Remark 3.5 it is enough to show that

lim vy, (p) = —(M — 1).
pP—~>PMm

Moreover, thanks to (3.10), it suffices to check that

limsup v, (p) < —(M —1).
p—puM
We therefore choose a sequence p, — pas such that v, (p,) — limsup v, (p). Possibly
p—puM
passing to a subsequence, we may assume w.l.g. that W;.,pn — Aj.m fori =0,...m—1
and j = 1,...m — 1, in force of Proposition 3.6. Not to make notation even heavier, in the
following we shall write p, meaning p,,.
Now the claim follows by producing, for every ¢ > 0, a family of nontrivial test functions

Wp € H(%,M» ¢p£M{¢l,py ceey I)[fm—l,p}, such that

limsup R, (¥p) < —(M — 1) + ¢,
P ru

f()l VM_I('Qb/)Z _ rM_3fp(r)w2dr (335)
fol rM=3y24r 7

and recalling the variational characterization (3.6).
Let us consider the index k in Corollary 3.9 and define

Rp(W) =

m—1

Yp(r) = @) (rMip) + Y aj ¥ p (),

j=1
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where ® € C3°(0, 00) is a cut-off function with

0<d(r) <1, foreveryr € [0, c0), (3.36)
: -1
o) — {0 ?fr c [0,_(12R) Jor [2R, 00), 337)
1 ifre[R™,R],
: -1 p-1
1D’ (r)| < {ZR_] ?fr cleR R, (3.38)
2R ifr € [R, 2R]

and 1 as defined in (3.20). Here R is a parameter to be suitably chosen, depending on €.
Since we will send p — pyy, thanks to (2.33) and (2.35) we may take w.l.g. that

tk,p./\f;l/kﬁp < (21?)71 < 2R < tk+]yp/{/lvk,p < ka,p. (3.39)

The coefficients a; ,, instead, are chosen in such a way to ensure that ¥,Ll,
{V1,p, .. ¥m—1,p} for every p, namely

1
aj = —fo M3y () (m @) (r M )dr.

By (3.37) and (3.39) we have

Tk+1,p —~
aj.p= —/ VM_B‘/fj,p(r)(m@(r/\/lk,p)dr,
173

P

so performing the change of variables t = r/\jt/k, p and recalling the definition of Jj‘ p in
(3.13) one gets

~ M= liet1p M M—3~k ~ _M-2
ajp=—Mpgp) 2 _ t llfj’pmq)dt = Mi,p)” 2 aj,p
tk,pM/cp

for
C° M-37Tk
aj7p:—/0 t lﬁj’prllcbdt

Obtaining (3.35) will request many computations, that we split in several claims.
Claim 1:

1
D(p) ::/ rM731//§dr
0

- m—1 (3.40)
= (M) f M3 (@) (1ydt = Y @;.p)°

0 =

It suffices to compute
1 m—1 1
D(p) =/O P73 @) (rMap)dr + Y aj,pak,p/o M3y e pdr
k=1
m—1 1
+2Za,,,,/0 M3y (@) (rMep)dr,
j=1
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where performing the change of variables = r M k,p in the firstintegral and taking advantage
from (3.37) and (3.39) we have

1 . _ P,
/ rM73 (@) (rMyp)dr =(My, )M / M3 (g1 @)? (1)dt
0 0

=(My, ,)> M / M3 (@)% (t)dr.
0

Next using (3.12) and the definition of @; p, @; p in the second and third integrals gives
(3.40). Further Claim 2:

1 00 -
Ni(p) = /0 P73 fpdr = (Mip)* M fo M7 fip@) (@) ()t

m—1 1
M-3
+ Z aj,pak,p/ r To¥jpVkpdr
J k=1 0
m—1

1
+2) aj, /0 P73 (W5 () (@) (r My )dr (3.41)
j=1

where f. p is as defined in (2.43). Indeed it suffices to write explicitly

m—1

1 1
Ni(p) = /0 M3 1) ) (r Rk p)dr + S ag pan /0 M3 E o pdr
J.k=1

m—1

1
+2> aj, /0 PM73 1 (W) (m®) (r Mg p)dr,
=1

perform the change of variables t = r./{/lvk, p and taking again advantage from (3.37) and
(3.39) in the first integral.
Besides, Claim 3:

1 00
Na(p) = / MYy dr = (M )™ [—(M—l) / M3 (1 )2dt
0 0

m—1

oo o
+/0 zM‘IW(m@)ZdtJr/O M @)2de = > vi(p)@j.p)°
j=1
m—1 1
+ Z “j,p“k,p/ PM73 f W vk pdr
k=1 0
m—1 1
+2Zaj,p/0 M3 0 @) (r My p)dr. (3.42)
j=1
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By definition

m—1

1 — A2 1
Kooy = [ (@) ) dr+ Y agpany [,

k=1

1
0

m—1
+2 Z aj,,,/ erlw;-.p ((nlcb)(r/\/lk,p))/dr
j=1
As for the first term, we have

1 ~ A2 — 1 -
[P (@ T ) = T [P iy ()

= (Rl )™M /0 M (oY) di

after performing the change of variables t = r./ﬂ\;l’k, p and recalling (3.37), (3.39).
Next we decompose ((771<1>)’)2 =1 (mdDz)/ + (71 ®')?, so that

o0 o0
=(Mk,p>2—M</ M= (m@?) dr + f tM“<m<1>’>2dz>
0 0

and remembering that 1 is the first eigenfunction for (3.19) and solves (3.21)
—(M — 1), we have

W/i,pd”

)2 dr

with g =

o0 o0
= (M )™M (—(M— 1) / M3 @)2dr + / MW (i @)2de
0 0

o0
+/ tM_l(m@’)zdt>.
0
Next (3.7) yields
! M-1 ! M=3
/O T Yk pdr = fo rUT Vg Wk pdr + v (P)S
thanks to (3.12). Concerning the last term, Eq. (3.7) again gives
! —~ / ) ~
/ Py (@) (r M) dr =/ P73 ol o () (M @) (r M, p)dr
0 0
1 ~
+VJ(P)/ rM73Wj,p(r) (m®) (rMx,p
0
1
= / PM73 o o (1) (1 @) (P M, ) dr —
0

So the claim follows after summing up the three terms.
Adding (3.40), (3.41) and (3.42) gives

Na(p) — N Ap(®
Ry (W) = 2(p) 1(P)=_(M_1)+ p(®)

D(p) B,(®)

:é: Journal: 526 Article No.: 1606 [ TYPESET [_]DISK [_]LE [_]CP Disp.:2019/9/5 Pages: 47 Layout: Small
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where

o0 o0

Ap(®) = / MBEW — fi ) (@)t + / M (') dr
0 0
m—1

=Y wi(p) + M - D@;.)*

Jj=1
0 m—1
B,(®) = / M3 @)2de = ) (@)
0 s
But when p — py, then fk,p — F = >W uniformly on [R~!, R] by Lemma 2.12, so that

oo
/ MW = fip) m®)dt — 0.
0

Besides Proposition 3.6 assures that v;(p) + M — 1 — 0 and that

e M-37k k oo M-3 2
a(,-,,,:—/o 4 1//,-,1!,771<I>a't—>—Aj/o t7 n ddt

as p — puy. Therefore
lim R =—-WM -1
Jim Ry () = —(M — 1)
fooo l‘Mfl('71 (I)/)Zdt

+
2m—1

fooo tM_3(771q))2dt _ <f0+00 tM—3n%q>dt) Z (A1;)2
j=1

We conclude the proof by showing that for every & > 0 it is possible to choose R and the
cut-off function ® satisfying (3.36)—(3.38) in such a way that

fooo M1, @) 2dr

2m—1
Jo? M @2di = (fF M =2ntedr) S Al
j:

< E.

To begin with

0o ¥ 2R
/ szl(mqf)zdr:/l rM*l(mcb/)zerr/ M (@) 2dr
0 R

2R

% C 2R
< CRZ/ M Intde + — M1 npddr
(338) S R= Jr

and since 1 has a unique maximum point in 7 € (0, +00), if R > max{z, 1/} we have

2 1
<CR*|m Xy /R M1dr + < (171(2R))2/2R Mgt
- R 1 R2 R

2R

C2(1—27M) N C*eM — 1)RM

Bl MRM(H%)M M(1+R72)
M(M—2)R? M(M-2)

7= o(1)
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as R — oo. Next it is clear that

o0 o0
/ M3 @)2dt — / M32dr > 0
0 0

as R — oo, because

o0 o0
0 5/ tM—%;%dt—/ M3, @)2dt
(3.36) Jo 0
(3?7)/0
<
(3.36) Jo

since [;° tM3n3dt < oc. Similarly

f M32(I>dt—>/ M>3ndde > 0.
0

>:\~

M3 - d>2)dt+/ M3 (1 — ?)dt
R

==

oo
“nldr +/ M3ntde = o(1)
R

Eventually
00 +00 2m—1
/ M3 ) 2dt — </ M3 2¢°dt> > (ahy?
0 0 i
00 00 2 m—1
—>/0 M302dr — (/0 r”%%d:)) > A £0
j=1
by Corollary 3.9, which ends the proof. O

We are now in position to prove Theorem 1.1.

Proof Propositions 3.6 and 3.10 prove that each generalized radial singular negative eigen-
value V;(p) - —(M — 1) as p — py fori = 1,..., m. Inserting these asymptotic values
into (3.11) gives that J;(p) — 1+ as p = py = py for j = 1,..., m.In particular from
(3.9) and (3.10) we have J;(p) /' 1 + % forj=1,...,m—1while J,(p) \ 1+ % Then,
when « is not an even integer all the eigenvalues v; (p) gives the same contribution to the
Morse index giving (1.4). When « is an even integer instead in the sum in (3.11) we have to
add the contribution of all the m eigenvalues for j < 5 and the contribution of only m — 1

eigenvalues for j = 1 + %, which gives (1.5). O

4 Nondegeneracy and small perturbations

In this section we address the nondegeneracy of radial solutions to (1.1) when p approaches
po and we prove Theorem 1.3 and its consequence Theorem 1.4. We recall that a solution u
to (1.1) is said nondegenerate if the linearized operator at u, L,, does not admit zero as an
eigenvalue in HO1 (B), and hence if the linearized equation at u, namely

—Ay = plxl®lulP~ly in B, @)
v =0 on 0B, ’

does not admit any nontrivial solution in HO1 (B). Degeneracy can be computed by analyz-
ing the singular Sturm-Liouville eigenvalue problem related to the transformed function v,
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introduced in (2.2) as in the previous section. Indeed degeneracy of radial solutions to (1.1)
has been characterized in [3] using the singular negative radial eigenvalues U (p), defined in
(3.6), for k = 1, ..., m. Putting together Proposition 1.5 of [3] and Theorem 1.3 of [5] we
obtain

Proposition 4.1 Leta > Oand p € (1, py). A radial solution up, to (1.1) with m nodal zones
is radially nondegenerate and it is degenerate if and only

2 2
V) =—(— (N -2+
Ve (p) <2+a) J( +J)
for some k =1, ..., m and for some j > 1.

Therefore the asymptotic nondegeneracy of u, as p — p, can be deduced, via the
transformation (2.2), by the asymptotic behavior of the radial singular eigenvalues Vi (p) as
p — pum. Indeed by the analysis performed in Sect. 3 we have:

Proof of Theorem 1.3 Let us denote by g(s) the decreasing function

g(s) ;= —s(N —2+5), s > 0.

By Proposition 4.1 u, is degenerate if and only if there is some k = 1, ..., m such that
240\’ . P .
5 Vi(p) = g(j) for some positive integer j. 4.2)
Recalling that —(M — 1) = —2%1 (N -2+ HT"‘) according to (2.4), Propositions 3.6
and 3.10 imply that
24+« ZA 24+«
> v(p) —> ¢ 5 foreveryk =1,...m 4.3)

as p — pu. Therefore if « is not a nonnegative even integer, it is easily seen that

(2;01)2@@)6 (g<2+[%]) , g(H[%])) foreveryk=1,...m

in a left neighborhood of pjs, which ensures that (4.2) can not hold since g is strictly
decreasing.

. . 2~ .
Otherwise when o« = 2(j — 1), then (4.3) says that (Z’LT") vi(p) — g(j), but (3.9) and
(3.10) imply that

o) 2
< ;“) De(p) < g(j) fork=1,...m—1,

2 2
( +°‘> Fulp) > (),

2

for every p € (1, py). Therefore

) 2
($) Vk(p) € (g + 1), 8())) fork=1,...m—1,

24+a\ . . .
( 7 )vm(p)E(g(J),g(J—l))

in a left neighborhood of pj;, and the conclusion follows by the monotonicity of g, again. O
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As said before the nondegeneracy of u, has important applications. Among them, we
mention a procedure introduced by Davila and Dupaigne in [17] which allows one to deduce
existence results in domains which are perturbations of the ball. We quote also [15] and [6]
for applications to the Hénon problem and to nodal solutions annular domains, respectively.
Let o : B — R" be a smooth function and

Q:={x+to(x):x € B}.

We want to find solutions to

{—Au = |x|%uP'u  inQ, 44)

u=20 on 02,

For small values of ¢, the set €2; is diffeomorphic to B and hence there exists & : Q, > RN
such that x = y 4+ t6(y) for every x € B and every y € £2;. It was noticed in [15] that if
u(y) is a classical solution to (4.4) then w(x) = u(y) is a classical solution to

_ _ — a p—1 :
{ Aw — Li(w) = |x +to(x)|*|lw|P~"'w in B, 4.5)

w=0 on 0B,

where L, is the linear operator

. 2 = ~ a2 2 ~ ~ a2
Li(w) :=1) 03 6rdqw+2t Y 0y,6005  wt> Y y,5i0y,65107 , w
ik ik i,j.k

and 6y denotes the k-th component of 5. Observe that u,, solves (4.5) for t = 0.
By the nondegeneracy of u, stated in Theorem 1.3 it is not hard to deduce the existence of
nodal solutions in domains of type €2, i.e. to prove our last result.

Proof of Theorem 1.4 When o = 0 or @ > 1 the map
F:RxCyV(B)— CJV(B)  F(t,w)==Aw— Low — |x +ta|*|w|’~w

where Cg’y(l_?) = {w € C%Y(B) : wjpp = 0}, is of class C! for y small enough, and
clearly F(0,u,) = 0, where u, is the radial solution to (1.1). Moreover Dy, F (0, u,) (the
Fréchet derivative of F with respect to w € C; Y (B) computed at (0, u))) is nothing else
than the linearized operator L, ,, which is invertible for p > p appearing in the statement of
Theorem 1.3, because its kernel is made up by the solutions of the linearized problem (4.1).
So the Implicit Function Theorem applies giving a continuum of functions w; € Cé’y (B)
such that F (¢, wy) = 0. In particular u,(y) := w,(x) is a solution of (4.5), it has exactly m
nodal zones and its nodal curves does not intersect the boundary, at least for small ¢, thanks

to the continuity of the maps t > w; € Cg’y (B) and x — x + to (x).
5 Appendix
In the paper [21] Gidas studied with a phase plane analysis the problem

_ N2,
—u’ =M=l = N2 in (0, 00)

u>0
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and proved that, for N > 2, the solutions can have the following shapes:

N=2
M/NN=2)\ 2
a) ur = (55
A +r
where A is a positive parameter, or
N-2\'T
b) u(r>=(7) e

N— —
¢) cir 2 Zu(r)<cur 7.
When N is an integer it has later been proved that only case a) and b) can occur. This analysis
does not need N to be an integer and indeed shows that the unique solutions to problem

(2.14)

—(M-lyry = ¢M=Llypn jnt >0
V>0

for M > 2 are the ones in a), b) and c¢) with N substituted by M. In particular the solutions
in a) are the unique bounded solutions to (2.14) for every A > 0. Imposing also the condition

V() =1 (2.15)
implies that A = /M (M — 2) so that
2 ey
Vu@r) = <1 + M2 2))

as in (2.16), is the unique bounded solution to (2.14) that satisfies (2.15).

Further we observe that, due the singular behavior at the origin, the solutions ») and c)
do not belong to the space Dy, (0, oo) which is embedded in Lf,IMH (0, 00) for pyr = %
Therefore the solutions in @), for every A > 0, are also the only solutions to (2.14) belonging
to Dy (0, 00). In particular one sees that every solution in Dy, (0, 0o) also belong to C[0, 00).

Thus we can also impose the condition (2.15) obtaining that V), is the unique Dy, (0, co)
solution to (2.14) that satisfies (2.15).

The previous discussion applies to the study of radial solutions to

—AU = |x|°UP« inRV

1 /- 5.1

where p, = W Indeed, it has been proved in [24] that the transformation

t=r 2

transforms radial D12(RY) solutions to (5.1) into Dy (0, co) solutions to (2.14) with M as
in (2.4) and M > 2. Performing the previous change of variable into V), and recalling that
Po = pm We get that the unique bounded solutions to (2.14) are given by

N2
A/(N +a)(N — 2)>m

)L2+ |x|2+(x

Ug s (x) == (
and, imposing the condition

U@©) =1 (5.2)
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we get that the unique radial bounded solution to (5.1) that satisfies (5.2), i.e. the unique
solution to (1.10), is

_N=2
|x|2+0l ) 2+a

Ualr) 1= (1 TN FOWN =2

as in (1.9). Finally the relation between DL2(RYNY and Dy (0, 00) also implies that U, is the
unique DU2(RY) solution to (5.1) that satisfies (5.2).

Next we look at the generalized radial singular eigenvalue problem associated with the
solution Vjs, namely

_(IM—ln/)/ — M-l (W + %) n int >0, (3.19)
r

-2
where W = %—Jjg (1 + WZ*ZJ has been introduced in (3.18), and we look for solutions
in Dy (0, 0o), namely solutions that satisfy

e¢] e.¢] ﬁ
/ My dr = / M- (W + 7) ng
0 0 r

for every ¢ € C5°(0, +00).

The generalized radial singular eigenvalue problem (3.19) is of the same type of the previous
one (3.4) and indeed the eigenvalues are defined as far as 8 < (MT_Z)2 and they share the
same properties of the previous eigenvalues D(p). In particular each eigenvalue is simple and
the i-th eigenfunction admits i nodal zones. Then we easily seen that §; = —(M — 1) and

B> = 0 with corresponding eigenfunctions

2

r 1— M 1(472
me) = —————,  m)=—2 (3.20)
r 2 r a5
(1+ M(Mfz)) : (1+ M(M—Z)) :

The fact that §; is simple implies that 83 > 0, so that §; and B, are the unique non positive
eigenvalues of (3.19). See also [24], where the same properties have been used in the proof
of Theorem 1.3.
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