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Abstract

In this paper we consider a generalized metastatic tumor growth model that describes the primary tumor
growth by means of an Ordinary Differential Equation (ODE) and the evolution of the metastatic density
using a transport Partial Differential Equation (PDE). The numerical method is based on the resolution
of a linear Volterra integral equation (VIE) of the second kind, which arises from the reformulation of the
ODE-PDE model. The convergence of the method is proved and error estimates are given. The computation
of the approximate solution leads to solving well conditioned linear systems. Here we focus our attention
on two different case studies: lung and breast cancer. We assume five different tumor growth laws for each
of them, different metastatic emission rates between primary and secondary tumors, and lastly that the
newborn metastases can be formed by clusters of several cells.
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Introduction1

The need for better knowledge of the complex biological system which is at the base of the tumor2

metastatic process is one of the biggest challenges in cancer research. Little is known about the invasion-3

metastasis cascade process that starting from a primary tumor leads to the spread of tumor cells from the4

original site to a second one within the same organism [16, 31, 32, 8]. Modeling metastatic tumor growth5

could help for a better understanding of this process [15]. Particularly this provides fundamental tools in6

estimating the metastatic state in those cases where the small metastases are invisible to the medical devices.7

A prior knowledge of a patient’s metastatic state could help not only in beginning treatment before it evolves8

into an advanced state but also for a more targeted drug administration [18]. One typology of generally used9

models are ODE-PDE (Ordinary Differential Equations-Partial Differential Equations) dynamical models,10

such as the family of age-structured McKendrik-Von Foerster equations. These are models that describes11

the dynamics of the colony size distribution of multiple metastatic tumors by, first, modeling the growth12

of the primary tumor size with an ODE, second, modeling the evolution of the metastatic density using a13

transport PDE, which is characterized by a zero initial condition and a non-local boundary condition for14

the tumor size (volume or number of cells). Iwata and coauthors in [20], based on the papers [32] and [33],15

assumed that the newborn generated metastases are single cells. Later in [14, 15] it has been shown that a16
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metastasis generated by the primary tumor can be formed both by single cells and cluster of several cells.17

More importantly in [9] using a multicolor lineage tracing they have demonstrated that polyclonal seeding18

by cell clusters is a frequent mechanism in a common mouse model of breast cancer, accounting for > 90%19

of metastases. See also the recent review [22] for more details on the biological principle of metastasis. Here,20

as a first generalization of the model introduced by Iwata and coauthors in [20], we assume that the newborn21

generated metastases can be formed by clusters of more than one cell.22

The growth rate of the metastasis, usually, is assumed to be identical to the growth rate of the primary23

tumor, and the most used growth law is the Gompertz law, although several studies considered tumor growth24

laws such as logistic, exponential, power-law, etc. [3]. Hence the growth rate of primary tumor size has a25

key role in metastatic tumor growth dynamics and it is important to study the evolution of different models26

of the size-structured metastatic density. Benzekry and coauthors, in [3], used data from two different in27

vivo systems, for lung and breast cancer, to study, validate and compare seven different ODE systems for28

primary tumor growth process. Based on their results, as a second generalization of Iwata partial differential29

equation model, here we consider five different tumor growth laws to describe the tumor metastatic growth:30

exponential, power-law, Gompertz, generalized logistic and von Bertalanffy-West laws, all of them already31

validated in [3], both for breast and lung cancer. Although, here, we focus our attention only on the case32

when the metastatic tumor growth law is the same as the one for the primary tumor, the model and the33

numerical method are introduced for the more general case where the primary and secondary tumors can be34

characterized by two different growth laws. As a last generalization, but not of minor importance, we also35

assume that the metastatic emission rate can be different depending if the metastasis originates from the36

primary or secondary tumors. In fact this question has already been studied in detail by Bethge et al. in37

[5], for a human hepatocellular carcinoma with metastases in the liver only, by means of a computer model.38

Recently in [4] it was shown that metastatic emission rates differ substantially between different organs.39

Therefore, the question must be addressed separately for each tumor type, within a coherent parameter40

setting that, to the best of our knowledge, is missing. Anyway, in this paper we analyze how changing the41

emission rate of the primary or secondary tumor will change the metastatic mass.42

In order to solve numerically the introduced generalized version of Iwata’s model we first reformulate43

the original PDE model into a Volterra integral equation, in the same fashion of [18]. The benefits of44

reformulating the model are mainly related to a considerable acceleration and improved accuracy of the45

numerical model resolution. There exists a wide bibliography for a large variety of numerical methods46

developed for the solution of linear and nonlinear Volterra integral equations (see, for instance, [1, 6, 7]47

and the references therein), Volterra-Fredholm integral equations (see, for instance, [28, 27]) and Volterra48

integro-differential equations (see, for instance, [29]) on finite intervals. Here we are interested in the case49

of VIEs on infinite intervals, which, to the best of our knowledge, has not been so extensively treated in50

literature from a numerical point of view.51

We use an improved version of the method that was recently proposed in [11] for the numerical computation52

of long-time solutions of linear VIEs of the second kind, which has the advantage of not being bound to a53

convolution type VIE as required by the methods based on Fast Fourier Transform techniques (see [17]). It54

consists, first, in transforming the original VIE into an equivalent one on the positive real semi axis and,55

after, in solving the latter by means of a Nyström type method. The Nyström discretization is obtained56

using a truncated product quadrature rule based on Laguerre nodes along with an additional point. A fully57

discretized version of the method is implemented when the so-called modified moments of the kernel cannot58

be computed analytically or their computation requires too much effort. In the present paper such modified59

moments are approximated by means of a truncated quadrature formula based on a set of knots larger than60

in [11]. Indeed, in the more general case considered here, if, for their computation, we proceed exactly as61

in [11] the obtained approximating solution is much less accurate (see Tables 2 and 3). Moreover, since62

the right-hand sides of the VIEs which we have to solve are integrals (see (4)), the numerical method here63

proposed includes also a suitable approximation of them.64

The computation of the approximate solution leads to solving a well conditioned linear system (see Table65

4) whose dimension is reduced due to the use of a truncated approximation process. We point out that one66

needs to solve only one linear system whatever is the number of the evaluation times.67

We prove that the improved method is convergent in weighted spaces of continuous functions and error68
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estimates in weighted uniform norm are provided. We remark that such estimates take into account all69

modifications introduced here and have been proved under sufficient conditions in L1 norm, which are70

different from the ones given in [11].71

We recall that in [11] the proposed numerical procedure has been tested on some specific linear VIEs of72

the second kind arising from the reformulation of Iwata PDE model (see [20]) in the case when both the73

primary and the secondary tumors grow according to the Gompertz growth law and emit metastases with74

the same emission rate. As observed in [11, p. 484] it allows higher precision than the method used in [18].75

However, numerical simulations have shown that if applied to the more general case studies considered here76

it does not provide results as satisfactory as the ones produced by the method described in this paper.77

Some of the questions which we want to answer here by the numerical results are: (i) Using data for two78

different case studies, lung and breast tumor and studying the model for five different growth laws, are the79

metastatic mass and the cumulative number of metastases comparable? First, in the same case study but80

with different growth law, secondly between two different case studies but with the same growth law. (ii)81

Assuming that the metastatic colonization rate is different depending if the metastasis is generated by the82

primary tumor or by the metastases themselves, how will this affect the metastatic mass? (iii) Assuming83

that the metastasis can be released also in clusters of several cells, how will it affect the metastatic mass?84

The paper is organized as follows. First we introduce the mathematical modeling framework describing85

both the general version of Iwata’s model and five different tumor growth laws. In Section 2 we present86

the numerical method used to solve the Volterra integral equation reformulating the starting model with a87

detailed description of the improvements made with respect to [11]. In Section 3, the proofs of the main88

results from Section 2 are given. In Section 4 we present the numerical results developed to answer the89

questions raised above and we end the paper with Section 5 discussing the overall findings and conclusions.90

1. The mathematical modeling framework91

We consider the following mathematical model to describe the tumor growth and the metastatic spreading
∂

∂t
ρ(v, t) +

∂

∂v
[gm(v)ρ(v, t)] = 0, v ∈ [vm,0, b), t ≥ 0,

gm(vm,0)ρ(vm,0, t) = βp(vp(t)) +

∫ b

vm,0

βm(v)ρ(v, t) dv, t ∈ (0,+∞),

ρ(v, 0) = 0, v ∈ [vm,0, b),

(1)

where v represents the volume of the tumor, b > vm,0 is the volume of the tumor at the saturated level and
vp(t) represents the volume of the primary tumor at time t. The primary tumor is assumed to grow with
rate gp(v) per unit time, i.e. it is the solution of the following Cauchy problem

dvp(t)

dt
= gp(vp(t)), t ≥ 0

vp(0) = vp,0
,

where vp,0 denotes the volume of the primary tumor at time t = 0. The primary tumor is assumed to emit
metastases with the rate βp(v) depending on its size. It is further assumed that no metastases are present at
time t = 0 and that each metastasis becomes a new tumor growing with the rate gm(v). Then, the volume
vm(t) of a metastasis emitted at time t = 0 is the solution of the following Cauchy problem

dvm(t)

dt
= gm(vm(t)), t ≥ 0

vm(0) = vm,0
,

where vm,0 denotes the volume of the newly created metastases. Finally, each metastasis is assumed to emit92

new metastases at rate βm(v).93

The unknown solution of the model (1) is ρ(v, t) and represents the metastatic density, i.e. the colony size
distribution with volume v at time t. In many cases the quantity of interest is a biological observable as, for
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example, the metastatic mass and the cumulative number of metastases (that is the number of metastases
greater than a certain volume v̄), which can be represented as a weighted integral of the metastatic density
ρ(v, t)

F (t) =

∫ b

vm,0

φ(v)ρ(v, t) dv. (2)

In particular, denoting by M(t) the total metastatic burden at time t and by Nv̄(t) the cumulative number
of metastases whose volume is larger than v̄, we have

F (t) =

{
M(t) if φ(v) = v

Nv̄(t) if φ(v) = χv≥v̄(v)
, (3)

where χv≥v̄ is the characteristic function of the interval [v̄,+∞).94

Following the results in [18], the PDE model (1) can be reformulated into a Volterra integral equation
whose unknown is the biological observable F (t) given by (2)

F (t) =

∫ t

0

φ(vm(t− s))βp(vp(s)) ds+

∫ t

0

βm(vm(t− s))F (s) ds.

Using a suitable numerical method, one can numerically compute the biological observable F (t) by solving
the following VIE

F (t)−
∫ t

0

k(s, t)F (s) ds =

∫ t

0

h(s, t) ds t ≥ 0, (4)

where
k(s, t) = βm(vm(t− s)) (5)

and
h(s, t) = φ(vm(t− s))βp(vp(s)).

In [20, 19, 18] the PDE model (1) has been considered in the particular case where:95

• gp(x) = gm(x) = a x log
b

x
is the Gompertz growth law;96

• βp(x) = βm(x) = µ xα with µ the colonization coefficient and α the fractal dimension of blood vessels97

infiltrating the tumor;98

• vp,0 = vm,0 = 10−6mm3 (corresponding to 1 cell [30]).99

The values of the four parameters a, b, µ and α involved into the model described above were estimated in100

[20] in the clinical scenario of a patient having multiple metastatic tumors in the liver with a hepatocellular101

carcinoma as a primary tumor. The Gompertz growth law covers a wide range of empirical data. However,102

alternative growth functions can be also considered.103

1.1. Different tumor growth laws104

In Table 1 we introduce the list of the growth functions g(t) we have used to describe the growth of a
tumor volume in time, with the corresponding solution to the Cauchy problem

dv(t)

dt
= g(v(t)), t ≥ 0,

v(0) = v0.
(6)

In the exponential model the coefficient a is the constant growth rate. This growth law is referred to105

as exponential v0 in [3]. The generalized logistic growth law has a sigmoid shape and K represents the106

carrying capacity that corresponds to the maximal volume of the tumor. The parameter a represents the107
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Table 1: List of all considered growth laws and the corresponding solutions of (6).

Model name Growth law equation Solution

Exponential dv
dt = av v(t) = v0e

at

Generalized logistic dv
dt = av

[
1−

( v
K

)ν]
v(t) =

v0K

[vν0 + (Kν − vν0 )e−aνt]
1
ν

Gompertz dv
dt = ae(−βt)v v(t) = v0e

a
β (1−e−βt)

Von Bertalanffy-West dv
dt = avγ − bv v(t) =

[a
b

+
(
v

(1−γ)
0 − a

b

)
e−b(1−γ)t

] 1
1−γ

Power-law dv
dt = avγ v(t) =

[
v

(1−γ)
0 + (1− γ)at

] 1
1−γ

growth rate related to proliferation kinetics. In the Gompertz model a is the initial proliferation rate (at108

v = 1 mm3) and β is the rate of exponential decay of a. Last, notice that from the von Bertalanffy-West109

generalized model assuming b = 0, which is the loss term, the power-law model is obtained, where a is once110

more the growth rate. The exponent γ indicates that the proliferation tissue is proportional to vγ . In all the111

considered cases, with the exception of the exponential model, we assume v0 = 1 mm3. Although for the112

breast data, the dynamics were best captured by the Gompertz model while for lung data, by the Gompertz113

and power law models (see [3]), here we have chosen to keep also the remaining models studied in [3] taking114

into account the limits they can bring. For a better description of the models listed in Table 1 see [3].115

1.2. Different emission rate function116

As stated before, the emission rate of the metastasis by the primary and the secondary tumors can
assume equal or different values. Here we introduce the generalized colonization rate function

β(x) = µ∗ x
α,

simply modifying the colonization coefficient µ∗. Here ∗ = p or ∗ = m, depending if the metastasis is emitted117

by the primary or metastatic tumor, respectively.118

2. Numerical method used to solve the Volterra integral equation119

In this section we describe the numerical procedure we propose to solve the Volterra integral equation
(4). As announced in the Introduction it is based on the method in [11], but proper modifications (that
will be better specified later) are introduced in order to improve its efficiency when applied to the general
framework described in Section 1.
As a first step, the variable change s = te−z is applied to the integrals in (4) obtaining∫ t

0

k(s, t)F (s) ds = t

∫ +∞

0

k(te−z, t)F (te−z)e−z dz (7)

and ∫ t

0

h(s, t) ds = t

∫ +∞

0

h(te−z, t)e−zdz.

We point out that the above change of variable makes the Laguerre weight function e−z appear under the
integral sign in a natural way and allows to apply a Nyström type method using always the same quadrature
rule, based at the Laguerre zeros, whatever is the choice of t ∈ R+. Then, letting

(KF )(t) = t

∫ +∞

0

k(te−z, t)F (te−z)e−z dz,
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G(t) = t

∫ +∞

0

h(te−z, t)e−zdz (8)

and denoting by I the identity operator, the VIE (4) can be written in the following more compact form

(I −K)F = G. (9)

As a second step, a Nyström type method is applied to the above equation in order to approximate its solu-
tion. The numerical method is based on the approximation of the integral (KF )(t) by a product quadrature
rule. More precisely, the unknown F is replaced by a truncated version of the Lagrange polynomial interpo-
lating it at the zeros zn,1, zn,2, . . . , zn,n of the Laguerre polynomial pn(w) of degree n and at the additional
point 4n. Here w(x) denotes the Laguerre weight function e−x. We recall that (see, for example, [26, 10, 23])
such truncated polynomial, denoted by L∗n+1(F, t), is defined as follows

L∗n+1(F, t) =

j∑
i=1

`n+1,i(t)F (zn,i),

where
j = min

i=1,...,n
{i : zn,i ≥ 4θn}, (10)

with 0 < θ < 1 fixed, and

`n+1,i(t) = ln,i(t)
4n− t

4n− zn,i
, i = 1, . . . , j,

with ln,i(t) =
pn(w, t)

p′n(w, zn,i)(t− zn,i)
the i−th fundamental Lagrange polynomial associated with the system

of interpolation nodes {zn,i}i=1,...,n. We obtain

(KnF )(t) = t

∫ +∞

0

k(te−z, t)L∗n+1(F, te−z)e−zdz

=

j∑
i=1

F (zn,i) t

∫ +∞

0

k(te−z, t)`n+1,i(te
−z)e−z dz

=:

j∑
i=1

F (zn,i)ci(t). (11)

Since in most cases the analytical expressions of the modified moments ci(t), i = 1, . . . , j, are not available,
we approximate them by a quadrature formula. As in [11, p. 480] our choice falls on a truncated Gauss-
Laguerre rule [25], but here we propose to apply it with a number N of knots much larger than n in order
to increase the accuracy in the computation of the integrals ci(t). More precisely, they are approximated as
follows

ci,N (t) = t

J∑
ν=1

λνk(te−zN,ν , t)`n+1,i(te
−zN,ν ), (12)

where zN,ν is the ν−th zero of the Laguerre polynomial pN (w), λν is the corresponding Christoffel number
and

J = min
ν=1,...,N

{ν : zN,ν ≥ 4θN}, (13)

with 0 < θ < 1 fixed. Then, we get the new discrete operator

(Kn,NF )(t) =

j∑
i=1

F (zn,i)ci,N (t) = t

J∑
ν=1

λνk(te−zN,ν , t)L∗n+1(F, te−zN,ν )
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which can be also regarded as the approximation of (KnF )(t) by means of the N -point truncated Gaussian120

rule. Finally, we apply the same N -point truncated Gauss-Laguerre quadrature formula for approximating121

the right-hand side integral G(t) given in (8), obtaining122

GN (t) = t

J∑
ν=1

λνh(te−zN,ν , t). (14)

Note that in [11, Subsection 4.1] the truncated Gauss-Laguerre rule has been applied to the right-hand side
integrals using only n quadrature knots. Nevertheless, since the theoretical error analysis has been carried
out for a general VIE, these approximations have not been considered, differently from what we are going
to do in this paper (see Theorem 2.3). Therefore, the integral equation (9) is approximated by the following
finite-dimensional equation

(I −Kn,N )Fn,N = GN , (15)

in the unknown Fn,N .123

In order to compute the solution Fn,N of (15), first both sides of the equation (15) are multiplied by the

weight u(t) = tγ(1 + t)δe−
t
2 , γ, δ ≥ 0, getting

(Fn,Nu)(t)− u(t)

j∑
i=1

(Fn,Nu)(zn,i)

u(zn,i)
ci,N (t) = (GNu)(t). (16)

Then, the equation (16) is collocated at the Laguerre nodes zn,i, i = 1, . . . , j, and the following linear system
of order j is obtained

j∑
i=1

[
δr,i −

u(zn,r)

u(zn,i)
ci,N (zn,r)

]
ai = (GNu)(zn,r), r = 1, . . . , j, (17)

in the unknowns ai = (Fn,Nu)(zn,i), i = 1, . . . , j. Finally, once the linear system is solved, the Nyström
interpolating function

Fn,N (t) = GN (t) +

j∑
i=1

ci,N (t)

u(zn,i)
ai (18)

is constructed. If (a1, . . . , aj) is a solution of the system (17), then the Nyström interpolating function Fn,N124

is a solution of the equation (15) and viceversa.125

We remark that as time t changes, we have to calculate only the Nyström interpolant (18) without solving126

a new linear system and for this a crucial role is played by the change of variable adopted in (7).127

Now, in order to provide sufficient conditions ensuring the unisolvence of the equation (9), the conver-128

gence of the just described method and the well conditioning of the linear systems (17), we need the following129

definitions.130

131

Let us consider the set L1 of all measurable functions f : R+ → R such that

‖f‖L1 = ‖f‖1 =

∫ +∞

0

|f(s)|ds < +∞

and its Sobolev-type subspace W 1
r , r ∈ N, defined as follows

W 1
r =

{
f ∈ L1 : f (r−1) ∈ AC(0,+∞), ‖f (r)ϕr‖1 < +∞

}
,

with ϕ(t) =
√
t and AC(A) the collection of all functions which are absolutely continuous on every closed

subset A ⊆ (0,+∞), equipped with the norm

‖f‖W 1
r

= ‖f‖1 + ‖f (r)ϕr‖1.
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For a fixed t ∈ R+, we will also consider the spaces L1([0, t]) and W 1
r ([0, t]) defined as L1 and W 1

r , respec-132

tively, but with the interval [0,+∞) replaced by [0, t].133

Moreover, we set

ρ(f) =

∫ +∞

0

|f(s)|(1 + log+ |f(s)|)ds,

where log+(s) = log(max{1, s}), for s > 0.
For a weight function

u(t) = tγ(1 + t)δe−
t
2 , γ, δ ≥ 0,

we indicate with Cu the function space defined as

Cu =

{
f ∈ C((0,+∞)) : lim

t→0+
t→+∞

(fu)(t) = 0

}
, if γ > 0,

or

Cu =

{
f ∈ C([0,+∞)) : lim

t→+∞
(fu)(t) = 0

}
, if γ = 0,

and endowed with the weighted norm
‖f‖u = sup

t≥0
|(fu)(t)|.

Finally, for a positive integer r, we consider the Sobolev-type subspace of Cu of order r

Wr,u = {f ∈ Cu : f (r−1) ∈ AC((0,+∞)), ‖f (r)ϕr‖u < +∞},

and we equip Wr,u with the following norm

‖f‖Wr,u = ‖f‖u + ‖f (r)ϕr‖u.

In particular, we set W0,u = Cu. In what follows the notations kt(s) and ks(t) will be used to refer to k(s, t)134

regarded as a function of the only variable s or t, respectively. With an analogous meaning we will also use135

the notation ht(s) and hs(t) for the bivariate function h(s, t).136

Theorem 2.1. Let u(t) = tγ(1 + t)δe−
t
2 with γ ≤ 1

4 and δ ≥ 1
4 − γ. Let us assume that the kernel k(s, t)

satisfies

sup
t≥0

u(t)

∥∥∥∥ktu
∥∥∥∥

1

< +∞, (19)

sup
t≥0

u(t)ρ

(
kt√
wϕ

)
< +∞, (20)

and

lim
h→0

sup
t≥0

ρ

(
u(t+ h)kt+h − u(t)kt√

wϕ

)
= 0.

If Ker(I −K) = {0} in Cu, then equation (9) is unisolvent for any h(s, t) such that

lim
t→+∞

u(t)

∫ t

0

h(s, t)ds = 0 (21)

and
sup
t≥0

u(t) ‖ht‖L1([0,t]) < +∞. (22)
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Theorem 2.2. Let us assume that the assumptions of Theorem 2.1 are satisfied for γ = 1
4 and δ ≥ 0.

Further assume that, for any r ≥ 1,

sup
0<t<1

u(t)ϕ(t)

∥∥∥∥ϕiu k(i)
t

∥∥∥∥
1

< +∞, i = 0, . . . , r, (23a)

sup
t≥1

u(t)ϕr(t)

∥∥∥∥ϕiu k(i)
t

∥∥∥∥
1

< +∞, i = 0, . . . , r. (23b)

Then, for all sufficiently large n (say n ≥ n0), the coefficient matrix An,N of system (17) is invertible and
its condition number in uniform norm satisfies

sup
n≥n0

cond(An,N ) ≤ C, C 6= C(n). (24)

Theorem 2.3. Let us assume that the assumptions of Theorem 2.2 are satisfied and that, for some r ≥ 1,
the function h(s, t) satisfies (21), (22) and

sup
0<t<1

u(t)ϕ(t) ‖ht‖W 1
r ([0,t]) < +∞, (25a)

sup
t≥1

u(t)ϕr(t) ‖ht‖W 1
r ([0,t]) < +∞. (25b)

If we further suppose that, for all sufficiently large n (say n ≥ n0), the inverse operators (I − Kn,N )−1 :
Cu → Cu exist and are uniformly bounded w.r.t. n and that the exact solution F of (4) belongs to Wr,u,
then the Nyström interpolant Fn,N in (18) satisfies the following error estimate

‖F − Fn,N‖u ≤ Cmax

{
1

n
r
2
,

log n

N
r
2

}
, (26)

where C 6= C(n,N).137

Assuming the stability of the method, we are able to give the above error estimate showing how the138

convergence order depends on the smoothness of the solution. Although we are not able to provide the139

theoretical proof of the stability, we remark that the method can be regarded as a proper combination of140

the stable method proposed in [11, (21) and Theorem 3.1] (see also the proof of Theorem 2.2) and the stable141

truncated Gauss-Laguerre quadrature rule (see [25]), used for approximating the modified moments ci(t),142

i = 1, . . . , j (see (12)). Anyway, the stability and convergence are both amply demonstrated by numerical143

evidence. In particular, the values of the condition numbers, which do not increase as the dimension of the144

linear system grows, confirm that the method is actually stable, (see Table 4).145

Moreover, inspecting error estimate (26) one can see that if, as done in [11, Subsection 4.1], we approxi-146

mate both the modified moments ci(t), i = 1, . . . , j, and the right-hand side G(t) given in (8) by a n-point147

Gaussian quadrature rule, we get the worst rate of convergence n−
r
2 log n. Then, the better performances148

obtained with the use of a truncated Gauss-Laguerre rule based on N knots with N � n (see Tables 2 and149

3) agree with the theoretical expectations in the weighted space Cu where the solution lives (see Theorem150

2.1). However, the unweighted error in uniform norm could become as greater as t is larger, then in the151

numerical simulations we have introduced a suitable scaling parameter K that let us avoid this drawback.152

We also highlight that in the above theorems we give conditions on the known functions involved in the153

VIE w.r.t. the L1 norm which are easier to be verified than ones in infinity norm provided in [11, Theorems154

2.3 and 3.2].155

3. Proofs156

Proof of Theorem 2.1. Using Theorem 2.3 in [11] it is possible to deduce that the equation (I −K)F = g
admits a unique solution for any g ∈ Cu. It is easy to see that if the right-hand side g(t) is the function
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G(t) defined in (8), the assumptions (21) and (22) imply G ∈ Cu. In fact

|G(t)|u(t) = u(t)

∣∣∣∣∫ t

0

h(s, t)ds

∣∣∣∣ .
157

In order to prove Theorems 2.2 and 2.3 we need the following lemma.158

Lemma 1. Let u(t) = tγ(1 + t)δe−
t
2 with γ = 1

4 , δ ≥ 0 and r ≥ 1. For F ∈ Wr,u, if the kernel k(s, t)
satisfies (20) and (23), we have

‖KnF −Kn,NF‖u ≤
C

N
r
2

log n‖F‖Wr,u
,

where C 6= C(n,N, F, kt).159

Proof. Since (Kn,NF )(t) is the approximation of (KnF )(t) by means of the truncated Gaussian rule [25] we
have

u(t)|(KnF )(t)− (Kn,NF )(t)| = u(t)t|RN (H̄t)|, (27)

whereRN (H̄t) is the quadrature error related to the function H̄t(z) = H(te−z, t) withH(s, t) = k(s, t)L∗n+1(F, s).
Using estimate [25, Corollary 2.4], we get

u(t)t|RN (H̄t)| ≤ Cu(t)t

[
‖H̄(r)

t ϕrw‖1
N

r
2

+ e−AN‖H̄tw‖1

]
. (28)

Taking into account [21, Lemma 9] (see also [11, Lemma 2.2]), under the assumption (20), we have160

u(t)t‖H̄tw‖1 = u(t)

∣∣∣∣∫ t

0

k(s, t)L∗n+1(F, s)ds

∣∣∣∣
≤

∫ +∞

0

|u(t)k(s, t)||L∗n+1(F, s)|ds

≤ C‖F‖u. (29)

Note that161

|H̄(r)
t (z)ϕr(z)w(z)| ≤ C(r)ϕr(z)w(z)

r∑
i=1

∣∣∣H(i)
t (te−z)(te−z)

i
2

∣∣∣ (te−z) i2 ,
where the notation Ht(s) refers to H(s, t) regarded as a function of variable s. Then, by [13, Lemma 2.1],162

u(t)t‖H̄(r)
t ϕrw‖1 ≤ C(r)u(t)

r∑
i=1

∫ +∞

0

∣∣∣H(i)
t (te−z)(te−z)

i
2

∣∣∣ z r2 (te−z)
i
2 te−zdz

≤ C(r)u(t)

r∑
i=1

∫ t

0

∣∣∣H(i)
t (s)s

i
2

∣∣∣ log
r
2

(
t

s

)
s
i
2 ds

≤ C(r)t
`
2u(t)

r∑
i=0

∫ t

0

∣∣∣H(i)
t (s)s

i
2

∣∣∣ ds
≤ C(r)t

`
2u(t)

[
‖Ht‖1 + ‖H(r)

t ϕr‖1
]
, (30)
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where ` = 1 for 0 < t < 1 and ` = r for t ≥ 1. By [24] (see also [11, (11)]), under the assumption (23) with163

i = 0, we have164

t
`
2u(t)‖Ht‖1 ≤ C

∫ +∞

0

t
`
2u(t)

u(s)
|kt(s)||[L∗n+1(F, s)]u(s)|ds

≤ C log n‖F‖u
∫ +∞

0

t
`
2u(t)

u(s)
|kt(s)|ds

≤ C log n‖F‖u.

From [11, (13)] and [12, proof of Lemma 6.3, p. 148], under the assumption (23), we deduce165

t
`
2u(t)‖H(r)

t ϕr‖1 ≤ C

r∑
i=0

∫ +∞

0

t
`
2u(t)

u(s)
|k(r−i)
t (s)ϕr−i(s)||[L∗n+1(F, s)](i)ϕi(s)u(s)|ds

≤ C

r∑
i=0

‖[L∗n+1(F )](i)ϕi‖u
∫ +∞

0

t
`
2u(t)

u(s)
|k(r−i)
t (s)ϕr−i(s)|ds

≤ C log n

r∑
i=0

‖F‖Wi,u

∫ +∞

0

t
`
2u(t)

u(s)
|k(r−i)
t (s)ϕr−i(s)|ds

≤ C log n‖F‖Wr,u .

Consequently

u(t)t‖H̄(r)
t ϕrw‖1 ≤ C log n‖F‖Wr,u

.

Combining the last inequality with (29), (28) and (27), the thesis follows.166

Proof of Theorem 2.2. Let us consider the finite dimensional equation

(I −Kn)Fn = G, (31)

where Kn is the operator defined in (11). Proceeding as done in [11, p. 6], it is easy to deduce the equivalent
linear system

j∑
i=1

[
δr,i −

u(zn,r)

u(zn,i)
ci(zn,r)

]
ai = (Gu)(zn,r), r = 1, . . . , j, (32)

whose solutions ai = (Fnu)(zn,i), i = 1, . . . , j, can be used to construct the unknown function of equation
(31) as follows

Fn(t) = G(t) +

j∑
i=1

ci(t)

u(zn,i)
ai.

By [11, Theorem 3.1], for sufficiently large n (say n ≥ n0) the inverse operators (I −Kn)−1 : Cu → Cu exist
and are uniformly bounded. Moreover, denoted by An the coefficient matrix of system (32), one has

sup
n≥n0

cond(An) ≤ C 6= C(n). (33)

Following the same steps of the proof of [11, Theorem 3.2] but using Lemma 1 in place of [11, Lemma 5.5],
it is possible to prove that (An,N )−1 exists for sufficiently large n and

lim
n

cond(An,N )

cond(An)
= 1.

Then, (24) easily follows from (33).167
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Proof of Theorem 2.3. In order to prove (26), we first note that

(F − Fn,N ) = (I −Kn,N )−1[(G−GN )− (K −Kn,N )F ].

Then, under the assumption
sup
n≥n0

‖(I −Kn,N )−1‖u ≤ C, C 6= C(n),

we get, for n ≥ n0,
‖F − Fn,N‖u ≤ C (‖G−GN‖u + ‖(K −Kn,N )F‖u) . (34)

Now, since
‖(K −Kn,N )F‖u ≤ ‖(K −Kn)F‖u + ‖(Kn −Kn,N )F‖u,

if the unknown solution F of (9) belongs to Wr,u, for some r ≥ 1, using [11, (41) and (8)] and Lemma 1, we
have

‖(K −Kn,N )F‖u ≤
C

n
r
2
‖F‖Wr,u

+
C

N
r
2

log n‖F‖Wr,u
, n ≥ n0, C 6= C(n, F ). (35)

Concerning ‖G − GN‖u, we recall that GN (t) is the approximation of the integral G(t) by means of the
truncated Gauss-Laguerre quadrature rule [25]. Then, we have

u(t)|G(t)−GN (t)| = u(t)t|RN (h̄t)|, (36)

where RN (h̄t) is the quadrature error related to the function h̄t(z) = h(te−z, t). Using estimate [25, Corollary
2.4], we get

u(t)t|RN (h̄t)| ≤ Cu(t)t

[
‖h̄(r)

t ϕrw‖1
N

r
2

+ e−AN‖h̄tw‖1

]
.

Moreover

u(t)t‖h̄tw‖1 = u(t)

∣∣∣∣∫ t

0

h(s, t)ds

∣∣∣∣ = u(t)‖ht‖L1([0,t])

and, proceeding as in (30) replacing Ht with ht,

u(t)t‖h̄(r)
t ϕrw‖1 ≤ C(r)t

`
2u(t)

[
‖ht‖L1([0,t]) + ‖h(r)

t ϕr‖L1([0,t])

]
, (37)

where ` = 1 for 0 < t < 1 and ` = r for t ≥ 1. Then, combining (36)-(37), under the assumptions (21) and
(25) we deduce

‖G−GN‖u ≤
C

N
r
2
, C 6= C(h).

Substituting the above inequality and (35) into (34), (26) follows.168

4. Numerical simulations169

For the numerical simulations we have written a MatLab Toolbox called VIE Toolbox which contains170

fourteen MatLab functions implementing the numerical method described in Section 2. This toolbox is171

licensed under the GNU General Public License v3.0 and is freely available through https://github.com/172

IuliaMartinaBulai/VIE_Toolbox.173

Using VIE Toolbox we will see how the total metastatic mass M(t) and the cumulative number of metastases174

Nv̄(t) (whose volumes are larger than a certain size v̄) change assuming five different tumor growth laws175

(see Table 1 for more details).176

We will analyze two different case studies using data introduced in [3] for lung and breast tumors. Moreover,177

we will show the results obtained for the metastatic mass and the number of metastases in the more general178

case where the metastatic emission rate is different for the primary tumor and for the metastatic one. Last,179

we will consider the cases where the emitted metastases have initial sizes greater than 10−6mm3 = 1 cell.180
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As one can see in Table 5, some of the parameters involved in the definition of the growth laws listed in181

Table 1 (see [3]) depend on time t expressed in days. Then, the method computes the biological observables182

as functions of the number of days. If we multiply these parameters by a coefficient K, the method provides183

approximations of the observables related to Kt days, in correspondence of the input parameter t. Since the184

computation of the unweighted approximated solutions Fn,N (t) can be affected by loss of accuracy when t185

becomes large (we recall that by Theorem 2.1 the solution of the VIE (4) belongs to the weighted space Cu),186

a suitable choice of the scaling parameter K is crucial to improve the performances of the method for large187

numbers of days.188

The numerical method essentially consists in solving the linear system (17) of order j, where j is defined
in (10), and in computing the approximate solution Fn,N by using (18). Choosing j and J in (10) and (13),
respectively, with θ = 1

4 and letting

en,N (F, t) =
|F512,N (t)− Fn,N (t)|

|F512,N (t)|
,

where F is defined in (3), in Tables 2 and 3 we compare the numerical results obtained using the numerical189

method introduced in [11] (N = n and j = J) and its improved version proposed here (N � n).190

Table 2: Relative errors e256,N (M, t) obtained approximating the metastatic mass in the case of breast data using the following
growth laws: generalized logistic (gen log), von Bertalanffy-West (von bert) and power-law (power).

gen log von bert power
t N = 256 N = 2048 N = 256 N = 2048 N = 256 N = 2048

10 1.92e− 12 0 1.49e− 15 0 8.51e− 09 1.06e− 15
20 1.92e− 12 0 1.49e− 15 0 1.76e− 08 1.06e− 15
50 5.46e− 12 2.15e− 16 8.56e− 11 3.34e− 16 3.93e− 07 5.62e− 14
100 8.43e− 09 9.90e− 15 4.86e− 07 5.24e− 10 3.00e− 06 1.54e− 15

Table 3: Relative errors e256,N (Nv̄ , t) obtained approximating the cumulative number of metastases greater than v̄ = 10−6mm3

in the case of breast data using the following growth laws: generalized logistic (gen log), von Bertalanffy-West (von bert) and
power-law (power).

gen log von bert power
t N = 256 N = 2048 N = 256 N = 2048 N = 256 N = 2048

10 5.30e− 13 0 1.45e− 15 0 5.17e− 09 0
20 1.49e− 12 0 1.45e− 15 1.91e− 16 3.45e− 08 1.81e− 16
50 1.57e− 12 3.52e− 15 8.02e− 11 2.23e− 14 4.23e− 07 4.07e− 16
100 1.18e− 08 2.06e− 14 4.85e− 07 4.13e− 15 3.25e− 06 2.13e− 15

It is evident that, as previously announced, the modifications brought here to the method in [11] let us191

to compute approximations of the observables that are much more accurate. We report only the results192

obtained in the case of breast data but analogous results can be obtained in the case of lung data.193

In all the numerical simulations that follow, the parameters K, n,N, j, and J involved in the implemen-
tation of the method have been chosen such that the relative errors

en,N (F ) = max
t∈{1,...,60}

en,N (F, t),

are at least of the order of 0.5e− 10. We point out that in many cases the method provides smaller relative194

errors (for example, in the resolution of the equations obtained using the Gompertz, the exponential and195

the power laws the relative errors are of the order of the machine precision).196
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In particular, we have taken K = 1, n = 256 and we have computed j by (10) choosing θ = 1
4 (so

j = 156). In order to evaluate ci,N (t), i = 1, . . . , j, and GN (t) we have chosen N = 2048 and dynamically
detected J according to the following criteria

J = J∗t := min
ν=1,...,N

{ν : |tλνk(te−zN,ν , t)L∗n+1(f, te−zN,ν )| < 0.5e− 25} (38)

in (12) and
J = J̄t := min

ν=1,...,N
{ν : |tλνh(te−zN,ν , t)| < 0.5e− 25} (39)

in (14), respectively. We remark that the above definitions of J are equivalent to (13) in the sense that there197

exists a θ ∈ (0, 1) s.t. zN,J−1 < 4θN < zN,J , with J defined in (38) or (39).198

Concerning the computational complexity of the method, the most computational effort is due to the con-199

struction of the entries of the matrix and the right-hand side of the linear system which requires O(j2J∗) and200

O(jJ̄) function evaluations, respectively, where J∗ = maxr=1,...,j J
∗
zn,r and J̄ = maxr=1,...,j J̄zn,r . Moreover,201

for any choice of t, further O(J̄t + jJ∗t ) function evaluations are needed in the computation of the Nyström202

interpolant (18). We point out that the use of N = 2048 does not lead to a significant increase in the203

computational cost. In fact, in all the performed numerical tests we have got J∗ ≤ 278, J̄ ≤ 302, J∗t ≤ 232204

and J̄t ≤ 235.205

Although the sufficient conditions (19)-(23) and (25) are not satisfied by the kernels k(s, t) and h(s, t)206

for von Bertalanffy-West and power-law growth laws and, hence, the convergence of the method and the207

well-conditioning of the solved linear systems are not theoretically guaranteed, they are proved by numerical208

evidence. Looking for less stringent sufficient conditions will be an argument for future investigation.209

Finally, we highlight that, according to (24), the matrices of coefficients An,N of linear systems (17) are210

always well conditioned. Taking into account that the kernel k(s, t) in (5) depends only on the choice of βm211

(and then of µm) and gm, the method leads to solve the same linear system for the computation of both the212

corresponding observables. In Table 4 we show the condition numbers condmodel of the matrices of coefficients213

of linear systems (17) obtained in the case of lung data with µm = 10−3 and “model” assuming the values214

gomp, exp, gen log, von bert and power in correspondence of the Gompertz, exponential, generalized logistic,215

von Bertalanffy-West and power-law growth laws, respectively. As one can see, in most of the cases such216

condition numbers are very close to 1 and in general are not greater than 2. Similar results are obtained for217

breast data and different choices of the parameter µm.218

Table 4: Condition numbers condmodel of the coefficient matrices of linear systems (17) obtained in the case of lung data with
µm = 10−3 and “model” assuming the values gomp, exp, gen log, von bert and power in correspondence of the Gompertz,
exponential, generalized logistic, von Bertalanffy-West and power-law growth laws, respectively.

n j condgomp condexp condgen log condvon bert condpower

8 5 1.000749 1.00000044 1.022885 1.001474 1.748742
16 10 1.000803 1.00000056 1.038327 1.001777 1.802614
32 19 1.000829 1.00000062 1.038343 1.001768 1.842141
64 39 1.000823 1.00000068 1.038273 1.001762 1.751541
128 78 1.000817 1.00000074 1.038273 1.001761 1.749672
256 156 1.000836 1.00000080 1.038293 1.001774 1.749009
512 312 1.000837 1.00000084 1.043274 1.001892 1.838238

All the computations have been performed in double precision arithmetics.219

4.1. Data and parameter values220

The parameter values for the growth laws introduced above (Table 1) were computed in [3]. Benzekry221

et al. used data from two different in vivo systems. The first is a syngeneic Lewis lung carcinoma (LLC)222

mouse model and the second one is an orthotopic human breast cancer xenografted in severe combined223

immunodeficient (SCID) mice, that for the sake of simplicity we will indicate with lung and breast tumors,224
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respectively. In Table 5 the parameter values for lung (third column) and breast (fourth column) data225

are reported. We also fix the initial values of the primary tumor vp,0 = 1 mm3, that corresponds to the226

size of the tumor implanted in the mice, and of the secondary tumor, vm,0 = 10−6 mm3. Moreover in the227

metastasis emission rate β(t) we first assume µp = µm = 10−3 day−1 mm−3α and α = 2/3, [2]. Notice that228

whenever different values than those introduced above will be used, the new values will be specified in the229

text accordingly.230

Table 5: Parameter values for five different growth laws (Table 1) computed in [3] for lung and breast data.

Model Par. Name Value (Lung) Value (Breast) Unit

Exponential vp,0 13.2 68.2 mm3

a 0.257 0.0846 day−1

Generalized logistic a 2555 2753 day−1

K 4378 1964 mm3

ν 1.4e− 04 2.68e− 05 -

Gompertz a 0.743 0.56 day−1

β 0.0792 0.0719 day−1

Von Bertalanffy-West a 7.72 2.32 mm3(1−γ)day−1

γ 0.947 0.918 -

b 6.75 0.808 day−1

Power-law a 0.921 1.32 mm3(1−γ)day−1

γ 0.788 0.58 -

4.2. Simulation results231

The biological observables defined in (3) for the PDE model (1) are computed assuming that the primary232

and secondary tumors growth functions are the same. Moreover, these functions can assume one of the five233

expressions introduced in Table 1. First let’s focus our attention on the five different curves within the234

same case study, and secondly comparing the different tumors. Notice that, in the figures below, we used a235

semilog plot for the y axis.236

In Figure 1 the metastatic mass M(t) (left panel) and the cumulative number of metastases Nv̄(t) (right237

panel) for the lung tumor data are plotted. Here we have focused our attention on these two different238

observables because they are the main quantities available from tumor imaging detection. Analyzing the239

results for the metastatic mass (left panel in Figure 1) one can see that the higher value corresponds to the240

generalized logistic growth law followed by power-law, while the total masses are the smallest one for von241

Bertalanffy-West, exponential and Gompertz growth laws. Moreover, looking at the right panel in Figure 1,242

one can see that for an interval of time close to 20 days the Gompertz, power-law and exponential growth243

laws have as outcome a cumulative number of metastases greater than v̄ = 10−6mm3 that is more or less244

equal. Whereas, at the end of 60 days the von Bertalanffy-West growth law is the one with the smallest245

number of metastases and the remaining four have comparable values.246

In Figure 2 the results for breast tumor data are plotted. Here differently than for lung data, von247

Bertalanffy-West is the growth law that generates the highest total metastatic mass, followed by power248

law, generalized logistic and Gompertz laws, and last exponential law. In the right panel, instead, one can249

see that von Bertalanffy-West growth law is the only one that generates the highest cumulative number of250

metastases greater than v̄ = 10−6 mm3 while interestingly the remaining ones behave in a similar way.251

Comparing the outcomes of the two case studies, it is clear that Gompertz and exponential laws are the252

ones that generate the lowest metastatic mass for both cases, while for the remaining four laws the results253
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depend on the considered case. Surprisingly von Bertalanffy-West law generates the highest cumulative254

number for breast data and on the opposite the lower value for the lung case. Another similarity between255

the two cases is that the curves corresponding to the number of metastases for the remaining growth laws256

are comparable in between them for a short (lung) or long (breast) interval of time.257
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Figure 1: The metastatic mass (left panel) and the cumulative number of metastases (right panel) for the lung tumor case.
Notice that we used a semilog plot for the y axis.
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Figure 2: The metastatic mass (left panel) and the cumulative number of metastases (right panel) for the breast tumor case.
Notice that we used a semilog plot for the y axis.

In Figure 3 we have analyzed how the total metastatic mass changes assuming that the colonization258

coefficient, µ∗, is different for the primary (µp) and secondary (µm) tumor. Moreover, we assumed that the259

colonization coefficient corresponding to the metastases can be either µm = 0 or µm = 10−3. In the first case260

it means that the metastases are emitted only by the primary tumor. Once fixed the value of µm we vary261

µp taking three different values µp = 10−4, µp = 10−3 or µp = 10−2, [2]. For both lung and breast tumor262

case studies, increasing µp leads to a growth of the metastatic mass volume (see the differences between263

dashed, continuous and dotted lines). More importantly, if we consider the lung tumor (first row of Figure264

3) one can see that the metastatic mass for exponential, von Bertalanffy-West and Gompertz growth laws265
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maintain close values for µm = 0 or µm = 10−3, while for both generalized logistic and power-law growths,266

increasing µm leads to a growth in the metastatic mass. For the breast tumor case instead there is no267

significant growth in the tumor mass assuming that the metastases emit metastases themselves.
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Figure 3: Left panel: The metastatic mass for µm = 0 ; Right panel: The metastatic mass for µm = 10−3. Top row: lung,
bottom row: breast. Dashed lines µp = 10−4, continuous line µp = 10−3, dotted line µp = 10−2. Notice that we used a
semilog plot for the y axis.

268

As our last result, we have investigated how the total metastatic mass changes assuming that the initial269

size of the new metastasis vm,0 is greater than 1 cell (10−6 mm3). In Figures 4-5 we have represented five270

different surfaces (top row) corresponding to the five different growth laws, for each case study (Figure 4271

for lung and Figure 5 for breast). Each surface is obtained by fixing all the parameter values as in Table272

5, with exception of vm,0 that assumes ten equispaced values in the interval
[
10−6, 10−5

]
. On the bottom273

row of Figures 4-5 we have represented the x− z projection of the surfaces plotted on the bottom row, that274

corresponds to a time-metastatic mass projection. From this last plot it is evident that not for all five tumor275

growth laws increasing vm,0 will lead to a higher/lower total metastatic mass, in fact for the thickest lines276

(exponential and Gompertz growth laws) this happen while for the thinnest lines not (generalized logistic,277

von Bertalanffy-West and power-law).278
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Figure 4: Top row: the metastatic mass for each tumor growth function for an interval of time of 60 days and 10 different
values of vm,0 that assumes equispaced values in the interval

[
10−6, 10−5

]
fixing the other parameter values as in Table 5.

Bottom row: the x− z projection of the top plot.
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Figure 5: Top row: the metastatic mass for each tumor growth function for an interval of time of 60 days and 10 different
values of vm,0 that assumes equispaced values in the interval

[
10−6, 10−5

]
fixing the other parameter values as in Table 5.

Bottom row: the x− z projection of the top plot.
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5. Discussion and conclusions279

In this paper we propose an alternative and efficient numerical method for the resolution of Partial280

Differential Equation (PDE) models, describing the metastatic tumor growth, reformulated in terms of281

VIEs of second kind in the same fashion of [18]. It is a modified version of the method proposed in [11]282

for the numerical computation of long-time solutions of linear Volterra integral equations of the second283

kind. The introduced modifications are crucial in order to increase the accuracy in the approximation of the284

observables. Moreover, further general properties of this method are: its flexibility in solving a wide range of285

VIE, not necessarily of convolution type (as required by FFT based methods), also derived from applications;286

whatever is the number of the evaluation times only one linear system has to be solved; its convergence in287

weighted spaces of continuous functions as shown by the provided error estimates in weighted uniform norm.288

A weaknesses of the proposed method might be related to the computational complexity in the construction289

of the entries of the matrix and the right-hand side of the linear system. Further investigation in order to290

reduce such complexity will be carried out in a future work.291

In this paper we have considered a generalized version of the mathematical model proposed by Iwata292

and coauthors in [20], which describes metastatic tumor growth. The novelties introduced are three: (i) We293

have assumed five different tumor growth laws for both primary and secondary tumor growths (exponential,294

power-law, Gompertz, generalized logistic and von Bertalanffy-West). (ii) We have considered different295

metastatic emission rates for the primary and metastases themselves. (iii) Last, we have assumed that the296

newborn metastases can be formed by clusters of several cells.297

We did the numerical simulations for two different case studies, lung and breast tumors. Comparing298

the five different curves within the same type of tumor, we can conclude that (i) for lung tumor case (see299

Figure 1) Gompertz and exponential growth laws behave in a similar way, the same for generalized logistic300

and power-law growths, while the von Bertalanffy-West is in between the two cases. This can be seen for301

metastatic mass while for the cumulative number of metastases von Bertalanffy-West growth law is the302

one that behaves dissimilar from the remaining four growth laws. (ii) Differently, for the growth of the303

metastatic mass of a breast tumor (see Figure 2) von Bertalanffy-West growth law has the most dissimilar304

behaviour, while, at the end of the 60 days, power-law and generalized logistic reach comparable values as305

well as the exponential and Gompertz laws. For the cumulative number of metastases, instead, only von306

Bertalanffy-West growth law behaves differently than the remaining four ones.307

Assuming that the emission rate of the metastases is different for primary and secondary tumor, respec-308

tively, we can conclude that fixing the colonization coefficient for the secondary tumors and increasing the309

coefficient of the primary tumor leads to a growth of the total metastatic mass. Interestingly, assuming that310

the metastases will not generate metastases themselves will affect, more significantly, the metastatic mass311

only for power-law and generalized logistic laws, for lung data, while no relevant changes occur for breast312

data. Given the biological evidence, [9], that the “newborn” metastases can be formed by clusters of cells,313

from our numerical results obtained, assuming that the clusters sizes can vary from 1 to 10 cells, we can314

conclude that the metastatic mass increases with increasing the initial value of the metastasis size in a more315

accentuated way for Gompertz and exponential growth laws, but not for the remaining three growth laws.316

We are aware that the chosen growth law models and consequently the parameter values might not317

reproduce reality but we are optimistic that the flexibility of the introduced method, that solves the PDE-318

ODE model, will permit the study of different types of tumors and growth functions. As further developments319

we would like to extend the method also (i) for growth laws for which the analytical solution is not known,320

and (ii) for the 2D ODE system case which includes the cure of the tumor.321

Acknowledgements IMB has been supported by MUR through the grant PON-AIM Linea 1 (AIM1852570-322

1). MCDB and CL have been supported by University of Basilicata (local funds). IMB, MCDB and CL323

has been supported by GNCS Project 2020 “Approssimazione multivariata ed equazioni funzionali per la324

modellistica numerica”. This research has been accomplished within RITA (Research ITalian network on325

Approximation) and the UMI Group TAA (Approximation Theory and Applications).326

Conflict of interest The authors declare that they have no conflict of interest.327

———-328

20



References329

[1] C.H.T. Baker, A perspective on the numerical treatment of Volterra equations, J. Comput. Appl. Math. 125 (2000)330

217–249.331

[2] S. Benzekry, Mathematical and numerical analysis of a model for anti-angiogenic therapy in metastatic cancers, ESAIM:332

Mathematical Modelling and Numerical Analysis - Modélisation Mathématique et Analyse Numérique 46 (2012) 207–237.333
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