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Abstract

In this paper we consider a generalized metastatic tumor growth model that describes the primary tumor
growth by means of an Ordinary Differential Equation (ODE) and the evolution of the metastatic density
using a transport Partial Differential Equation (PDE). The numerical method is based on the resolution
of a linear Volterra integral equation (VIE) of the second kind, which arises from the reformulation of the
ODE-PDE model. The convergence of the method is proved and error estimates are given. The computation
of the approximate solution leads to solving well conditioned linear systems. Here we focus our attention
on two different case studies: lung and breast cancer. We assume five different tumor growth laws for each
of them, different metastatic emission rates between primary and secondary tumors, and lastly that the
newborn metastases can be formed by clusters of several cells.

Keywords: Metastatic tumor growth, PDEs, Volterra integral equation, lung tumor, breast carcinoma
2000 MSC: 35Q92, 45D05, 45A05, 65M25

Introduction

The need for better knowledge of the complex biological system which is at the base of the tumor
metastatic process is one of the biggest challenges in cancer research. Little is known about the invasion-
metastasis cascade process that starting from a primary tumor leads to the spread of tumor cells from the
original site to a second one within the same organism [I6] BT 32, [§]. Modeling metastatic tumor growth
could help for a better understanding of this process [15]. Particularly this provides fundamental tools in
estimating the metastatic state in those cases where the small metastases are invisible to the medical devices.
A prior knowledge of a patient’s metastatic state could help not only in beginning treatment before it evolves
into an advanced state but also for a more targeted drug administration [I§]. One typology of generally used
models are ODE-PDE (Ordinary Differential Equations-Partial Differential Equations) dynamical models,
such as the family of age-structured McKendrik-Von Foerster equations. These are models that describes
the dynamics of the colony size distribution of multiple metastatic tumors by, first, modeling the growth
of the primary tumor size with an ODE, second, modeling the evolution of the metastatic density using a
transport PDE, which is characterized by a zero initial condition and a non-local boundary condition for
the tumor size (volume or number of cells). Iwata and coauthors in [20], based on the papers [32] and [33],
assumed that the newborn generated metastases are single cells. Later in [14, [15] it has been shown that a
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metastasis generated by the primary tumor can be formed both by single cells and cluster of several cells.
More importantly in [9] using a multicolor lineage tracing they have demonstrated that polyclonal seeding
by cell clusters is a frequent mechanism in a common mouse model of breast cancer, accounting for > 90%
of metastases. See also the recent review [22] for more details on the biological principle of metastasis. Here,
as a first generalization of the model introduced by Iwata and coauthors in [20], we assume that the newborn
generated metastases can be formed by clusters of more than one cell.

The growth rate of the metastasis, usually, is assumed to be identical to the growth rate of the primary
tumor, and the most used growth law is the Gompertz law, although several studies considered tumor growth
laws such as logistic, exponential, power-law, etc. [3]. Hence the growth rate of primary tumor size has a
key role in metastatic tumor growth dynamics and it is important to study the evolution of different models
of the size-structured metastatic density. Benzekry and coauthors, in [3], used data from two different in
vivo systems, for lung and breast cancer, to study, validate and compare seven different ODE systems for
primary tumor growth process. Based on their results, as a second generalization of Iwata partial differential
equation model, here we consider five different tumor growth laws to describe the tumor metastatic growth:
exponential, power-law, Gompertz, generalized logistic and von Bertalanffy-West laws, all of them already
validated in [3], both for breast and lung cancer. Although, here, we focus our attention only on the case
when the metastatic tumor growth law is the same as the one for the primary tumor, the model and the
numerical method are introduced for the more general case where the primary and secondary tumors can be
characterized by two different growth laws. As a last generalization, but not of minor importance, we also
assume that the metastatic emission rate can be different depending if the metastasis originates from the
primary or secondary tumors. In fact this question has already been studied in detail by Bethge et al. in
[5], for a human hepatocellular carcinoma with metastases in the liver only, by means of a computer model.
Recently in [4] it was shown that metastatic emission rates differ substantially between different organs.
Therefore, the question must be addressed separately for each tumor type, within a coherent parameter
setting that, to the best of our knowledge, is missing. Anyway, in this paper we analyze how changing the
emission rate of the primary or secondary tumor will change the metastatic mass.

In order to solve numerically the introduced generalized version of Iwata’s model we first reformulate
the original PDE model into a Volterra integral equation, in the same fashion of [I§]. The benefits of
reformulating the model are mainly related to a considerable acceleration and improved accuracy of the
numerical model resolution. There exists a wide bibliography for a large variety of numerical methods
developed for the solution of linear and nonlinear Volterra integral equations (see, for instance, [Il, 6] [7]
and the references therein), Volterra-Fredholm integral equations (see, for instance, [28] 27]) and Volterra
integro-differential equations (see, for instance, [29]) on finite intervals. Here we are interested in the case
of VIEs on infinite intervals, which, to the best of our knowledge, has not been so extensively treated in
literature from a numerical point of view.

We use an improved version of the method that was recently proposed in [I1] for the numerical computation
of long-time solutions of linear VIEs of the second kind, which has the advantage of not being bound to a
convolution type VIE as required by the methods based on Fast Fourier Transform techniques (see [17]). It
consists, first, in transforming the original VIE into an equivalent one on the positive real semi axis and,
after, in solving the latter by means of a Nystrom type method. The Nystrom discretization is obtained
using a truncated product quadrature rule based on Laguerre nodes along with an additional point. A fully
discretized version of the method is implemented when the so-called modified moments of the kernel cannot
be computed analytically or their computation requires too much effort. In the present paper such modified
moments are approximated by means of a truncated quadrature formula based on a set of knots larger than
n [II]. Indeed, in the more general case considered here, if, for their computation, we proceed exactly as
in [11] the obtained approximating solution is much less accurate (see Tables [2] and [3). Moreover, since
the right-hand sides of the VIEs which we have to solve are integrals (see ), the numerical method here
proposed includes also a suitable approximation of them.

The computation of the approximate solution leads to solving a well conditioned linear system (see Table
whose dimension is reduced due to the use of a truncated approximation process. We point out that one
needs to solve only one linear system whatever is the number of the evaluation times.

We prove that the improved method is convergent in weighted spaces of continuous functions and error
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estimates in weighted uniform norm are provided. We remark that such estimates take into account all
modifications introduced here and have been proved under sufficient conditions in L' norm, which are
different from the ones given in [I1].

We recall that in [IT] the proposed numerical procedure has been tested on some specific linear VIEs of
the second kind arising from the reformulation of Iwata PDE model (see [20]) in the case when both the
primary and the secondary tumors grow according to the Gompertz growth law and emit metastases with
the same emission rate. As observed in [I1} p. 484] it allows higher precision than the method used in [I8].
However, numerical simulations have shown that if applied to the more general case studies considered here
it does not provide results as satisfactory as the ones produced by the method described in this paper.

Some of the questions which we want to answer here by the numerical results are: (i) Using data for two
different case studies, lung and breast tumor and studying the model for five different growth laws, are the
metastatic mass and the cumulative number of metastases comparable? First, in the same case study but
with different growth law, secondly between two different case studies but with the same growth law. (ii)
Assuming that the metastatic colonization rate is different depending if the metastasis is generated by the
primary tumor or by the metastases themselves, how will this affect the metastatic mass? (iii) Assuming
that the metastasis can be released also in clusters of several cells, how will it affect the metastatic mass?

The paper is organized as follows. First we introduce the mathematical modeling framework describing
both the general version of Iwata’s model and five different tumor growth laws. In Section 2 we present
the numerical method used to solve the Volterra integral equation reformulating the starting model with a
detailed description of the improvements made with respect to [II]. In Section 3, the proofs of the main
results from Section 2 are given. In Section 4 we present the numerical results developed to answer the
questions raised above and we end the paper with Section 5 discussing the overall findings and conclusions.

1. The mathematical modeling framework

We consider the following mathematical model to describe the tumor growth and the metastatic spreading

0 0
§p(v,t) + %[gm(v)p(v,t)] =0, v E ['Um,Oa b), t >0,
b
9 (0m0)P(Um,0,8) = Bp(vp(0) + | Br(v)p(v,t) dv, ¢ € (0, +00), (1)
p(U, O) =0, - vE [U'm,Ov b)y

where v represents the volume of the tumor, b > v,, ¢ is the volume of the tumor at the saturated level and
vp(t) represents the volume of the primary tumor at time ¢. The primary tumor is assumed to grow with
rate g,(v) per unit time, i.e. it is the solution of the following Cauchy problem

Poll) _ (w0, 120

vp(0) = vpo

)

where v, o denotes the volume of the primary tumor at time ¢ = 0. The primary tumor is assumed to emit
metastases with the rate 8,(v) depending on its size. It is further assumed that no metastases are present at
time ¢t = 0 and that each metastasis becomes a new tumor growing with the rate g,,(v). Then, the volume
v (t) of a metastasis emitted at time ¢ = 0 is the solution of the following Cauchy problem

dv;t(t) = gm(vm(t)); t > 0 ’

Um (O) = Um,0

where v, o denotes the volume of the newly created metastases. Finally, each metastasis is assumed to emit
new metastases at rate S, (v).

The unknown solution of the model is p(v,t) and represents the metastatic density, i.e. the colony size
distribution with volume v at time ¢. In many cases the quantity of interest is a biological observable as, for
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example, the metastatic mass and the cumulative number of metastases (that is the number of metastases
greater than a certain volume #), which can be represented as a weighted integral of the metastatic density

p(v,t) .
F(t) = / H(0)p(w, 1) do. 2)

In particular, denoting by M (t) the total metastatic burden at time ¢ and by N;(¢) the cumulative number
of metastases whose volume is larger than v, we have

M) it e(v)=v
F(t) = {Nv(t) if p(v) = Xu>5(v)

, (3)

where x,>7 is the characteristic function of the interval [7, +00).
Following the results in [I8], the PDE model can be reformulated into a Volterra integral equation
whose unknown is the biological observable F'(t) given by

F(t):/o ¢(vm(t—8))ﬂp(vp(8))d5+/0 Bun (v (t = 5))F(s) ds.

Using a suitable numerical method, one can numerically compute the biological observable F'(t) by solving
the following VIE

F(t) — /t k(s,t)F(s)ds = /t h(s,t)ds t>0, (4)
0 0
where
k(s,t) = Bm(vm(t = 5)) (5)
and
h(s, t) = ¢(vm(t — ))Bp(vp(s))-
In [20, 19, 18] the PDE model has been considered in the particular case where:

b
® gp(2) = gm(x) = a zlog p is the Gompertz growth law;

o Bp(x) = Bm(z) = p x“ with p the colonization coefficient and « the fractal dimension of blood vessels
infiltrating the tumor;

® Up0 = Umo=10"%mm3 (corresponding to 1 cell [30]).

The values of the four parameters a, b, 4 and « involved into the model described above were estimated in
[20] in the clinical scenario of a patient having multiple metastatic tumors in the liver with a hepatocellular
carcinoma as a primary tumor. The Gompertz growth law covers a wide range of empirical data. However,
alternative growth functions can be also considered.

1.1. Different tumor growth laws

In Table [1| we introduce the list of the growth functions g(¢) we have used to describe the growth of a
tumor volume in time, with the corresponding solution to the Cauchy problem

do(t)
di =g(v(t)), t=0, (6)
v(0) = vg.

In the exponential model the coefficient a is the constant growth rate. This growth law is referred to
as exponential vy in [3]. The generalized logistic growth law has a sigmoid shape and K represents the
carrying capacity that corresponds to the maximal volume of the tumor. The parameter a represents the
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Table 1: List of all considered growth laws and the corresponding solutions of @)

Model name Growth law equation  Solution
Exponential = qv v(t) = voe .
Generalized logistic ‘é—’; =av [1 - (E) ] v(t) = il .
K [1)6 + (Kv — vu)efaut]i
a —pBt
Gompertz % = ge(=Ptly v(t) = erﬁ(ke )
Von Bertalanffy-West %% = av” — bv v(t) = {% + (vélﬂ) Z) e‘b(l—’Y)t} =
1
Power-law v = aqv? o(t) = [Uél_” +(1- 'y)at}

growth rate related to proliferation kinetics. In the Gompertz model a is the initial proliferation rate (at
v = 1 mm?) and f3 is the rate of exponential decay of a. Last, notice that from the von Bertalanffy-West
generalized model assuming b = 0, which is the loss term, the power-law model is obtained, where a is once
more the growth rate. The exponent ~ indicates that the proliferation tissue is proportional to v7. In all the
considered cases, with the exception of the exponential model, we assume vy = 1 mm?. Although for the
breast data, the dynamics were best captured by the Gompertz model while for lung data, by the Gompertz
and power law models (see [3]), here we have chosen to keep also the remaining models studied in [3] taking
into account the limits they can bring. For a better description of the models listed in Table |1| see [3].

1.2. Different emission rate function

As stated before, the emission rate of the metastasis by the primary and the secondary tumors can
assume equal or different values. Here we introduce the generalized colonization rate function

/B(x) = K« 'rav

simply modifying the colonization coefficient .. Here x = p or * = m, depending if the metastasis is emitted
by the primary or metastatic tumor, respectively.

2. Numerical method used to solve the Volterra integral equation

In this section we describe the numerical procedure we propose to solve the Volterra integral equation
. As announced in the Introduction it is based on the method in [I1], but proper modifications (that
will be better specified later) are introduced in order to improve its efficiency when applied to the general
framework described in Section [I1
As a first step, the variable change s = te™* is applied to the integrals in obtaining

t +oo
/ k(s,t)F(s)ds = t/ k(te™*,t)F(te”%)e % dz (7)
0 0

and . oo
/ h(s,t)ds = t/ h(te %, t)e *dz.
0 0

We point out that the above change of variable makes the Laguerre weight function e~ appear under the
integral sign in a natural way and allows to apply a Nystrom type method using always the same quadrature
rule, based at the Laguerre zeros, whatever is the choice of t € RT. Then, letting

—z

+oo
(KF)(t) = t/o k(te™*,t)F(te”*)e™ * dz,

5



+oo
G(t) = t/ h(te™*,t)e *dz (8)
0
and denoting by I the identity operator, the VIE (4)) can be written in the following more compact form
(I -K)F=G. (9)

As a second step, a Nystrom type method is applied to the above equation in order to approximate its solu-
tion. The numerical method is based on the approximation of the integral (K F')(t) by a product quadrature
rule. More precisely, the unknown F' is replaced by a truncated version of the Lagrange polynomial interpo-
lating it at the zeros zy 1, 2n.2, - - ., 2n,n Of the Laguerre polynomial p, (w) of degree n and at the additional
point 4n. Here w(z) denotes the Laguerre weight function e~®. We recall that (see, for example, [26] 10, 23])
such truncated polynomial, denoted by Ly . (F,t), is defined as follows

J
Ly (Fot) = lng1i(t)F(zn.0),
i=1

where
j= ‘_r{ﬂn {i : zp; >40n}, (10)
with 0 < 0 < 1 fixed, and
dn —1t
bpi1:() =1y i(t)—, i=1,...,7,
) = b =

pn(wa t)

Po(w, 2,1) (t = 2n.0)
of interpolation nodes {z,;},_; . We obtain

with ln,i (t) =

the i—th fundamental Lagrange polynomial associated with the system

+oo
(K F)(t) = t/ k(te™*,t)L,, | (F,te”*)e” *dz
0
J “+o0o
= Z F(zn,) t/ k(te™?,t)lp41,i(te %)e " dz
i=1 0
J
=1 F(zni)ci(t). (11)
i=1
Since in most cases the analytical expressions of the modified moments ¢;(t), ¢ =1,...,j, are not available,

we approximate them by a quadrature formula. As in [II p. 480] our choice falls on a truncated Gauss-
Laguerre rule [25], but here we propose to apply it with a number N of knots much larger than n in order
to increase the accuracy in the computation of the integrals ¢;(¢). More precisely, they are approximated as

follows
J

cin(t) =t Y Ak(te >N 1)y i(te”N0), (12)

v=1

where zy ,, is the v—th zero of the Laguerre polynomial px(w), A, is the corresponding Christoffel number
and
J = minN{V © ZNw > 40N}, (13)

v=1,...,
with 0 < 6 < 1 fixed. Then, we get the new discrete operator
J J
(KnNF)(t) =Y F(zni)ein(t) =t Y Ak(te N+ t)L; , (F,te*N)

i=1 v=1

6
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which can be also regarded as the approximation of (K, F)(t) by means of the N-point truncated Gaussian
rule. Finally, we apply the same N-point truncated Gauss-Laguerre quadrature formula for approximating
the right-hand side integral G(t) given in (8], obtaining

J
Gn(t) = tY Ah(te ™7 ). (14)

Note that in [IT, Subsection 4.1] the truncated Gauss-Laguerre rule has been applied to the right-hand side
integrals using only n quadrature knots. Nevertheless, since the theoretical error analysis has been carried
out for a general VIE, these approximations have not been considered, differently from what we are going
to do in this paper (see Theorem [2.3). Therefore, the integral equation (@ is approximated by the following
finite-dimensional equation

(I = Kn,n)Fon =GN, (15)

in the unknown F, n.
In order to compute the solution F, n of , first both sides of the equation are multiplied by the
weight u(t) = (1 +)°e™%, 7,6 > 0, getting

(Fn NU - ’u Z n N:n zzn Z)Ci’N(t) = (GNU)(t) (16)

Then, the equation is collocated at the Laguerre nodes z,;, 7 = 1, ..., j, and the following linear system
of order j is obtained

J
Z 5ri_ U(ZTL-’T)CiN(Zn r) a; = (GNU)(Zn T)a r= 17"'7j7 (17)
2 % T ) N ’
in the unknowns a; = (F,, nu)(#n,i), ¢ = 1,...,7j. Finally, once the linear system is solved, the Nystrém

interpolating function

~(t) =Gt +ZC’N - (18)

Z’I'L Z

is constructed. If (a,...,qa;) is a solution of the system (L7 , then the Nystrom interpolating function F;, v
is a solution of the equation and viceversa.
We remark that as time t changes, we have to calculate only the Nystrom interpolant without solving
a new linear system and for this a crucial role is played by the change of variable adopted in .

Now, in order to provide sufficient conditions ensuring the unisolvence of the equation @, the conver-
gence of the just described method and the well conditioning of the linear systems , we need the following
definitions.

Let us consider the set L' of all measurable functions f : Rt — R such that

—+oo
£l =l = [ 17)lds < o
0
and its Sobolev-type subspace W}, r € N, defined as follows
- {f eL': f=D € AC(0, +00), [If™ " ||y < +oo}

with o(t) = v/t and AC(A) the collection of all functions which are absolutely continuous on every closed
subset A C (0, +00), equipped with the norm

1 llwz = 1Fl+ 1777
7
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For a fixed t € R*, we will also consider the spaces L1 ([0,t]) and W,}([0,¢]) defined as L' and W}

tively, but with the interval [0, +00) replaced by [0, t].
Moreover, we set

+o00o
o(f) = / ()1 + log* | £(s)])ds,

where log™ (s) = log(max{1, s}), for s > 0.
For a weight function )
u(t) =" (1+1)%e"2, 4,620,

we indicate with C,, the function space defined as

t—0t
t—+oo

Cuz{feC((O,—i—oo)): lim (fu)(t):0}7 if >0,

or

Cu={1 o) tim (ru)0) =0} it 4=0,

li
t—

and endowed with the weighted norm

[fllu = sup [(fu)(®)].
t>0
Finally, for a positive integer r, we consider the Sobolev-type subspace of C,, of order r
Wrw = {f € Cu: f7V € AC((0,+00)), 1" [l < +o0},

and we equip W, , with the following norm

1AW = 1+ 10"

T

respec-

In particular, we set Wy, = C,,. In what follows the notations k;(s) and ks(t) will be used to refer to k(s,t)
regarded as a function of the only variable s or ¢, respectively. With an analogous meaning we will also use

the notation h(s) and hy(t) for the bivariate function h(s,t).

Theorem 2.1. Let u(t) = t7(1 4 t)%e2 with v < 1 and 6 > 1 —~. Let us assume that the kernel k(s,t)

satisfies
Ky
supu(t) || —| < 4oo,
t>0 u |4
k¢ )
sup u(t < +o00,
S ( )p( T
and Mk )
t —u(t
lim sup p <u( M)k — u(t) t) =0.
h—0 t>0 VWP

If Ker(I — K) = {0} in Cy, then equation (9) is unisolvent for any h(s,t) such that

t——+oo

Hm  u(t) /Ot h(s,t)ds =0

and
sup u(t) [[hel[ 1 (0.4 < 00
>0

(19)

(20)
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Theorem 2.2. Let us assume that the assumptions of Theorem are satisfied for v = 411 and § > 0.
Further assume that, for any r > 1,

sup u(t)p(t) H@kf) <400, i=0,...,r (23a)
o<1 u 1

sup u(t)e" (t) Hwk,@ <400, i=0,...,r (23b)
t>1 u 1

Then, for all sufficiently large n (say n > ng), the coefficient matriz A, n of system is invertible and
its condition number in uniform norm satisfies

sup cond(4, n) < C, C # C(n). (24)

n>ngo

Theorem 2.3. Let us assume that the assumptions of Theorem[2.3 are satisfied and that, for some r > 1,
the function h(s,t) satisfies (21]), and

sup u(t)p(t) [|hellyy 10,4y < +00, (25a)
0<t<1
sup u(t)e" () hellws o,y < oo (25b)

If we further suppose that, for all sufficiently large n (say n > ng), the inverse operators (I — K, y)7' :
Cy — Cy exist and are uniformly bounded w.r.t. n and that the exact solution F of belongs to Wi,

then the Nystrom interpolant Fy, n in satisfies the following error estimate

1 logn
IF — Fuxllu < (i’max{ng, - } (26)

where € # C(n, N).

Assuming the stability of the method, we are able to give the above error estimate showing how the
convergence order depends on the smoothness of the solution. Although we are not able to provide the
theoretical proof of the stability, we remark that the method can be regarded as a proper combination of
the stable method proposed in [I1], (21) and Theorem 3.1] (see also the proof of Theorem [2.2)) and the stable
truncated Gauss-Laguerre quadrature rule (see [25]), used for approximating the modified moments c¢;(t),
i=1,...,7 (see (12))). Anyway, the stability and convergence are both amply demonstrated by numerical
evidence. In particular, the values of the condition numbers, which do not increase as the dimension of the
linear system grows, confirm that the method is actually stable, (see Table .

Moreover, inspecting error estimate one can see that if, as done in [I1}, Subsection 4.1], we approxi-
mate both the modified moments ¢;(t),s = 1,...,7, and the right-hand side G(¢) given in by a n-point
Gaussian quadrature rule, we get the worst rate of convergence n~ 2 logn. Then, the better performances
obtained with the use of a truncated Gauss-Laguerre rule based on N knots with N > n (see Tables [2| and
3)) agree with the theoretical expectations in the weighted space C,, where the solution lives (see Theorem
2.1). However, the unweighted error in uniform norm could become as greater as t is larger, then in the
numerical simulations we have introduced a suitable scaling parameter X that let us avoid this drawback.

We also highlight that in the above theorems we give conditions on the known functions involved in the
VIE w.r.t. the L' norm which are easier to be verified than ones in infinity norm provided in [I1, Theorems
2.3 and 3.2].

3. Proofs

Proof of Theorem 2.1 Using Theorem 2.3 in [11] it is possible to deduce that the equation (I — K)F =g
admits a unique solution for any g € C,. It is easy to see that if the right-hand side g(¢) is the function

9
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G(t) defined in (§), the assumptions and imply G € C,. In fact
t

/ h(s,t)ds
0

In order to prove Theorems [2.2] and 2.3 we need the following lemma.

G(B)u(t) = u(t)

Lemma 1. Let u(t) = t7(1 + t)%e~2 with v = 1,0>0andr > 1. For F € W,,, if the kernel k(s,t)

satisfies and , we have

e
1B = Ko N F L < 7 log nl| Fllw

where € # C(n, N, F, k).

Proof. Since (K, yF)(t) is the approximation of (K, F)(t) by means of the truncated Gaussian rule [25] we
have

u(t)|(KnF) () — (KnnF)()] = u(t)t| R (Hy), (27)

where Ry (H,;) is the quadrature error related to the function Hy(z) = H(te™*,t) with H(s,t) = k(s,t)L}_,(F,s).

Using estimate [25], Corollary 2.4], we get

_ H(T) Tw _
u(t)t| Ry (Hy)| < Cu(t)t [”fN“"“ + e_AN||Htw||11 . (28)

Taking into account [21, Lemma 9] (see also [II, Lemma 2.2]), under the assumption , we have

uOlily = )| [ KL (P s)ds

+oo
< / [u(O)k(s, DI} (F. 5)|ds
0
< e|F|. (20)

Note that

—
~
g

|
W
~—
NS

B @ ()] < e (2wE) Y [H (e (te)?

w(t)t| A o wl)y

A
2
=
=
=

B
S—

IN
(@]
—~
=
S~—
I
=
\TM%
=
P
)
S~—
@

[N

IN

ds

C(r)tEu(t) Z/Ot ‘Ht”)(s)s%
=0

e(r)tsu(t) [IHilh + [Hw" ] (30)

IN
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where £ =1 for 0 <t < 1and ¢ =r for ¢t > 1. By [24] (see also [11 (11)]), under the assumption with
i =0, we have

“+oo U
Su)|H] < ¢ / t(())m L1 (F, 5)lus) | ds
+oo s
< elognHFuufo t(())uct( )/ds
< Clognl||F||y.

From [I1], (13)] and [12] proof of Lemma 6.3, p. 148|, under the assumption , we deduce

£ )
s < ey [

AN

k() T ()L (F, 5)] D (s)u(s) | ds

* i), e u(t) r—i
< YLy ()0 ||u/ P (g o)
i=0
T 400 4 £
t2ut) iy oy i
< elogn_[Flw,. [ E ()¢ (sl
; ~Jo u(s)
< Clogn||Fllw,,-
Consequently
(@B wlly < Clognl|Flw, ..
Combining the last inequality with , and , the thesis follows. O

Proof of Theorem[2.3 Let us consider the finite dimensional equation
(I - K))F, =G, (31)

where K, is the operator defined in . Proceeding as done in [T} p. 6], it is easy to deduce the equivalent
linear system

Z [5 - ZEZ )) ci(zm)] a; = (Gu)(znr), T=1,...,7, (32)

whose solutions a; = (F,,u)(%n), ¢ = 1,...,J, can be used to construct the unknown function of equation
as follows
F.(t) = G(t) +Zj: ()
Ea P u(z

By [11, Theorem 3.1], for sufficiently large n (say n > ng) the inverse operators (I — K,,)~1 : C,, — C,, exist
and are uniformly bounded. Moreover, denoted by A,, the coefficient matrix of system , one has

sup cond(4,) < € # C(n). (33)

n>ng

Following the same steps of the proof of [I1, Theorem 3.2] but using Lemma[1] in place of [II, Lemma 5.5],
it is possible to prove that (A, )~ ' exists for sufficiently large n and

lim cond (A, n)
n  cond(A,)

Then, easily follows from . O

11
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Proof of Theorem[2.3 In order to prove , we first note that
(F = Fon) = - Kon) (G~ Gn) — (K — Ky n)F)-

Then, under the assumption
sup [|(I — Ko n) " Hlw <€, € €(n),
n>ng
we get, for n > ng,
I1F' = Fonllu <C(|G = GnNllu + (K — KnN)Fllu) - (34)

Now, since
(K = Kn N)Fllu < [(K = Kp)Fllu + [|(Kn — Ko N) Fllu,

if the unknown solution F of (9) belongs to W, for some r > 1, using [11} (41) and (8)] and Lemma 1] we
have

¢

nz2

C
I = Ko 3)Fllu < — |1 Fllw,, + <oz lognl Fllw,... n2no, €# €n,F) (35)

Concerning |G — Gn||u, we recall that Gy (t) is the approximation of the integral G(¢) by means of the
truncated Gauss-Laguerre quadrature rule [25]. Then, we have

u(t)|G(t) — G ()] = u(t)t| Ry (h), (36)

where Ry (h¢) is the quadrature error related to the function h.(z) = h(te™*,t). Using estimate [25, Corollary
2.4], we get

15wl
Nz

u(t)t|Ry (he)| < Cu(t)t [ e_AN||7Ltw||1

Moreover

t
u()t||hew||r = u(t) '/ h(s,t)ds| = u(t)||hell 1 ([0,9)
0

and, proceeding as in replacing H; with hy,

7(r) r £ r) r
w(HIRS ¢ wl < )t ut) [Ihels o, + 19876 s o | (37)

where £ =1 for 0 <t < 1and ¢ =r for £ > 1. Then, combining —, under the assumptions and
we deduce

e
- <= .
G~ COnll < o €4 )
Substituting the above inequality and (35|) into (34)), (26) follows. O

4. Numerical simulations

For the numerical simulations we have written a MatLab Toolbox called VIE Toolbox which contains
fourteen MatLab functions implementing the numerical method described in Section This toolbox is
licensed under the GNU General Public License v3.0 and is freely available through https://github.com/
TuliaMartinaBulai/VIE_Toolbox.

Using VIE Toolbox we will see how the total metastatic mass M (t) and the cumulative number of metastases
Ny(t) (whose volumes are larger than a certain size v) change assuming five different tumor growth laws
(see Table [1] for more details).

We will analyze two different case studies using data introduced in [3] for lung and breast tumors. Moreover,
we will show the results obtained for the metastatic mass and the number of metastases in the more general
case where the metastatic emission rate is different for the primary tumor and for the metastatic one. Last,
we will consider the cases where the emitted metastases have initial sizes greater than 10~5mm3 = 1 cell.

12
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As one can see in Table [5] some of the parameters involved in the definition of the growth laws listed in
Table[1] (see [3]) depend on time ¢ expressed in days. Then, the method computes the biological observables
as functions of the number of days. If we multiply these parameters by a coefficient K, the method provides
approximations of the observables related to Kt days, in correspondence of the input parameter ¢. Since the
computation of the unweighted approximated solutions F), y(t) can be affected by loss of accuracy when ¢
becomes large (we recall that by Theorem the solution of the VIE belongs to the weighted space C,,),
a suitable choice of the scaling parameter X is crucial to improve the performances of the method for large
numbers of days.

The numerical method essentially consists in solving the linear system of order j, where j is defined
in , and in computing the approximate solution F), x by using . Choosing j and J in and ,
respectively, with 8 = i and letting

|F512,8 (1) — Fo N (2)]
n F,t = ’ - )
e (£1) | Fs12,n5(t)]

where F' is defined in , in Tables [2| and [3| we compare the numerical results obtained using the numerical
method introduced in [II] (N =n and j = J) and its improved version proposed here (N > n).

Table 2: Relative errors egs6, v (M, t) obtained approximating the metastatic mass in the case of breast data using the following
growth laws: generalized logistic (gen log), von Bertalanffy-West (von bert) and power-law (power).

gen log von bert power
t N =256 N=2048 N =256 N =2048 N =256 N =2048
10 1.92¢e—12 0 1.49¢—15 0 8.5le — 09 1.06e — 15
20 1.92e—12 0 1.49¢e—15 0 1.76e — 08 1.06e — 15

50  5.46e —12 2.15e—16 8.56e—11 3.34e—16 3.93e—07 5.62¢e— 14
100 8.43e —09 9.90e —15 4.86e —07 5.24e—10 3.00e —06 1.54e—15

Table 3: Relative errors eas6, v (N3, t) obtained approximating the cumulative number of metastases greater than v = 10~ %mm3
in the case of breast data using the following growth laws: generalized logistic (gen log), von Bertalanffy-West (von bert) and

power-law (power).

gen log von bert power
t N=256 N=2048 N=256 N=2048 N =256 N =2048
10 530e—13 0 1.45e—15 0 517e—09 0
20 149e—-12 0 1.45e —15 1.91e—16 3.45¢—08 1.8le—16

50 1.57e—12 3.52¢e—15 8.02e—11 2.23e—14 4.23e—07 4.07e —16
100 1.18e —08 2.06e —14 4.85e —07 4.13e—15 3.25e—06 2.13e—15

It is evident that, as previously announced, the modifications brought here to the method in [I1] let us
to compute approximations of the observables that are much more accurate. We report only the results
obtained in the case of breast data but analogous results can be obtained in the case of lung data.

In all the numerical simulations that follow, the parameters X, n, N, j, and J involved in the implemen-
tation of the method have been chosen such that the relative errors

n F) = n F,t )
¢ ’N( ) te{q}?.},(so}e ’N( )

are at least of the order of 0.5e — 10. We point out that in many cases the method provides smaller relative
errors (for example, in the resolution of the equations obtained using the Gompertz, the exponential and
the power laws the relative errors are of the order of the machine precision).
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In particular, we have taken X = 1, n = 256 and we have computed j by choosing 6§ = i (so
j = 156). In order to evaluate ¢; n(t), i = 1,...,7, and Gn(t) we have chosen N = 2048 and dynamically
detected J according to the following criteria

J=Jf = min {v [t k(teT N 0L (f e )| < 0.5e — 25) (38)

in and
J=J = _r{linN{u |EALR(te™ N 1)| < 0.5e — 25} (39)

v=1,...,

in , respectively. We remark that the above definitions of J are equivalent to in the sense that there
exists a 0 € (0,1) s.t. 2y, -1 < 40N < zy, 7, with J defined in or .

Concerning the computational complexity of the method, the most computational effort is due to the con-
struction of the entries of the matrix and the right-hand side of the linear system which requires O(j2.J*) and
(‘)(jj) function evaluations, respectively, where J* = max,—1, . ; J;‘nm and J = max,—i,...; jzmw Moreover,
for any choice of ¢, further O(J; + jJ;) function evaluations are needed in the computation of the Nystrém
interpolant (18). We point out that the use of N = 2048 does not lead to a significant increase in the
computational cost. In fact, in all the performed numerical tests we have got J* < 278, J < 302, J; < 232
and J; < 235.

Although the sufficient conditions (L9)-(23) and are not satisfied by the kernels k(s,t) and h(s,?)
for von Bertalanffy-West and power-law growth laws and, hence, the convergence of the method and the
well-conditioning of the solved linear systems are not theoretically guaranteed, they are proved by numerical
evidence. Looking for less stringent sufficient conditions will be an argument for future investigation.

Finally, we highlight that, according to , the matrices of coefficients A,, x of linear systems are
always well conditioned. Taking into account that the kernel k(s,t) in depends only on the choice of 3,
(and then of p,,) and g, the method leads to solve the same linear system for the computation of both the
corresponding observables. In Table[dwe show the condition numbers condmodel of the matrices of coefficients
of linear systems obtained in the case of lung data with p,, = 1072 and “model” assuming the values
gomp, exp, gen log, von bert and power in correspondence of the Gompertz, exponential, generalized logistic,
von Bertalanffy-West and power-law growth laws, respectively. As one can see, in most of the cases such
condition numbers are very close to 1 and in general are not greater than 2. Similar results are obtained for
breast data and different choices of the parameter fi,.

Table 4: Condition numbers cond,oqe of the coefficient matrices of linear systems (17) obtained in the case of lung data with
tm = 1073 and “model” assuming the values gomp, exp, gen log, von bert and power in correspondence of the Gompertz,
exponential, generalized logistic, von Bertalanffy-West and power-law growth laws, respectively.

n j condgomp condexp condgen log  €ONdyon bert  CONdpower

8 5 1.000749 1.00000044  1.022885 1.001474 1.748742
16 10  1.000803  1.00000056 1.038327 1.001777 1.802614
32 19  1.000829 1.00000062 1.038343 1.001768 1.842141
64 39  1.000823 1.00000068 1.038273 1.001762 1.751541
128 78  1.000817 1.00000074  1.038273 1.001761 1.749672
256 156 1.000836  1.00000080 1.038293 1.001774 1.749009
512 312 1.000837 1.00000084  1.043274 1.001892 1.838238

All the computations have been performed in double precision arithmetics.

4.1. Data and parameter values

The parameter values for the growth laws introduced above (Table [1|) were computed in [3]. Benzekry
et al. used data from two different in vivo systems. The first is a syngeneic Lewis lung carcinoma (LLC)
mouse model and the second one is an orthotopic human breast cancer xenografted in severe combined
immunodeficient (SCID) mice, that for the sake of simplicity we will indicate with lung and breast tumors,
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respectively. In Table [5| the parameter values for lung (third column) and breast (fourth column) data
are reported. We also fix the initial values of the primary tumor v, = 1 mm?, that corresponds to the
size of the tumor implanted in the mice, and of the secondary tumor, v, o = 107® mm?®. Moreover in the
metastasis emission rate 3(t) we first assume p, = fi,, = 1072 day~! mm =3 and o = 2/3, [2]. Notice that
whenever different values than those introduced above will be used, the new values will be specified in the
text accordingly.

Table 5: Parameter values for five different growth laws (Table[1)) computed in [3] for lung and breast data.

Model Par. Name Value (Lung) Value (Breast) Unit
Exponential Up,0 13.2 68.2 mm?

a 0.257 0.0846 day !

Generalized logistic a 2555 2753 day ~*
K 4378 1964 mm?

v 1l.4e - 04 2.68e — 05 -

Gompertz a 0.743 0.56 day ™!

B 0.0792 0.0719 day™*

Von Bertalanffy-West a 7.72 232 mm3(-Vday !
5y 0.947 0.918 -

b 6.75 0.808 day™*

Power-law a 0.921 1.32 mm3(-Vday !

~y 0.788 0.58 -

4.2. Simulation results

The biological observables defined in for the PDE model are computed assuming that the primary
and secondary tumors growth functions are the same. Moreover, these functions can assume one of the five
expressions introduced in Table First let’s focus our attention on the five different curves within the
same case study, and secondly comparing the different tumors. Notice that, in the figures below, we used a
semilog plot for the y axis.

In Figure [I| the metastatic mass M(t) (left panel) and the cumulative number of metastases Ny (right
panel) for the lung tumor data are plotted. Here we have focused our attention on these two different
observables because they are the main quantities available from tumor imaging detection. Analyzing the
results for the metastatic mass (left panel in Figure 1) one can see that the higher value corresponds to the
generalized logistic growth law followed by power-law, while the total masses are the smallest one for von
Bertalanffy-West, exponential and Gompertz growth laws. Moreover, looking at the right panel in Figure 1,
one can see that for an interval of time close to 20 days the Gompertz, power-law and exponential growth
laws have as outcome a cumulative number of metastases greater than © = 10~%mm? that is more or less
equal. Whereas, at the end of 60 days the von Bertalanffy-West growth law is the one with the smallest
number of metastases and the remaining four have comparable values.

In Figure [2] the results for breast tumor data are plotted. Here differently than for lung data, von
Bertalanffy-West is the growth law that generates the highest total metastatic mass, followed by power
law, generalized logistic and Gompertz laws, and last exponential law. In the right panel, instead, one can
see that von Bertalanffy-West growth law is the only one that generates the highest cumulative number of
metastases greater than ¥ = 107% mm? while interestingly the remaining ones behave in a similar way.

Comparing the outcomes of the two case studies, it is clear that Gompertz and exponential laws are the
ones that generate the lowest metastatic mass for both cases, while for the remaining four laws the results

15



254

255

256

257

258

259

260

261

262

263

264

265

depend on the considered case. Surprisingly von Bertalanffy-West law generates the highest cumulative
number for breast data and on the opposite the lower value for the lung case. Another similarity between
the two cases is that the curves corresponding to the number of metastases for the remaining growth laws
are comparable in between them for a short (lung) or long (breast) interval of time.

Lung 4 Lung
5 10

107y g
)
€ 8
% 8 10%;
2,0 S

109} . 2
@ c
:
Q —gomp I ——gomp
S 10°7 —exp 1 E —exp
a ——gen log 3 1072t ——gen log 1
) von bert von bert
= ——power law ——power law

10710 ‘ ‘ 10 | ‘
0 20 40 60 0 20 40 60
Time (days) Time (days)

Figure 1: The metastatic mass (left panel) and the cumulative number of metastases (right panel) for the lung tumor case.
Notice that we used a semilog plot for the y axis.

Breast Breast
10'0 10*
——gomp
—exp
10°F | ——genlog 1 8 10%: ;

von bert
— power law //“'

Metastatic mass (volume)
=
o
Cumulative number
=
o

——gomp
—exp
10 102+ ——gen log ]
von bert
——power law
10710 ‘ ‘ 107 ‘ |
0 20 40 60 0 20 40 60
Time (days) Time (days)

Figure 2: The metastatic mass (left panel) and the cumulative number of metastases (right panel) for the breast tumor case.
Notice that we used a semilog plot for the y axis.

In Figure |3| we have analyzed how the total metastatic mass changes assuming that the colonization
coefficient, ., is different for the primary (u,) and secondary (f,,) tumor. Moreover, we assumed that the
colonization coefficient corresponding to the metastases can be either u,,, = 0 or j,,, = 1073. In the first case
it means that the metastases are emitted only by the primary tumor. Once fixed the value of u,, we vary
pp taking three different values p, = 1074, p, = 1073 or p, = 1072, [2]. For both lung and breast tumor
case studies, increasing u, leads to a growth of the metastatic mass volume (see the differences between
dashed, continuous and dotted lines). More importantly, if we consider the lung tumor (first row of Figure
3) one can see that the metastatic mass for exponential, von Bertalanffy-West and Gompertz growth laws
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maintain close values for p,, = 0 or p,, = 1073, while for both generalized logistic and power-law growths,
increasing p,, leads to a growth in the metastatic mass. For the breast tumor case instead there is no
significant growth in the tumor mass assuming that the metastases emit metastases themselves.
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S 8 40
E ________ _‘_f__’—- - = E 10
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3 y - - ‘gen log g 10°
@ von bert ©
= 77 - - -power law =
40 L/ ‘ ‘ -10
10 10
20 40 60
Time (days) Time (days)
10 Breast 10 Breast
10 10
o) = = gomp 3 ‘gomp
£ - - exp S "exp
2 10° |- - genlog 4= 100 genlog |
[ S e T o 10T |7 SEEE
= vonbert | ol > von bert | o Tt
- -
e 10 e 10
o o
T T
% 109 % g5l
% Pl §
e e
10710 7 ‘ ‘ 10710 4 ‘ ‘
0 20 40 60 0 20 40 60
Time (days) Time (days)

Figure 3: Left panel: The metastatic mass for pum, = 0 ; Right panel: The metastatic mass for ., = 1073. Top row: lung,
bottom row: breast. Dashed lines pp = 1074, continuous line pp = 1073, dotted line up = 1072, Notice that we used a
semilog plot for the y axis.

As our last result, we have investigated how the total metastatic mass changes assuming that the initial
size of the new metastasis vy, o is greater than 1 cell (10=% mm?). In Figures we have represented five
different surfaces (top row) corresponding to the five different growth laws, for each case study (Figure
for lung and Figure [5| for breast). Each surface is obtained by fixing all the parameter values as in Table
with exception of v, o that assumes ten equispaced values in the interval [10_6, 10_5]. On the bottom
row of Figures [@}ff| we have represented the x — z projection of the surfaces plotted on the bottom row, that
corresponds to a time-metastatic mass projection. From this last plot it is evident that not for all five tumor
growth laws increasing v,, o will lead to a higher/lower total metastatic mass, in fact for the thickest lines
(exponential and Gompertz growth laws) this happen while for the thinnest lines not (generalized logistic,
von Bertalanffy-West and power-law).
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Figure 4: Top row: the metastatic mass for each tumor growth function for an interval of time of 60 days and 10 different
values of v 0 that assumes equispaced values in the interval [10*6, 10*5] fixing the other parameter values as in Table
Bottom row: the x — z projection of the top plot.
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Figure 5: Top row: the metastatic mass for each tumor growth function for an interval of time of 60 days and 10 different
values of v 0 that assumes equispaced values in the interval [10*6, 10*5] fixing the other parameter values as in Table
Bottom row: the x — z projection of the top plot.
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5. Discussion and conclusions

In this paper we propose an alternative and efficient numerical method for the resolution of Partial
Differential Equation (PDE) models, describing the metastatic tumor growth, reformulated in terms of
VIEs of second kind in the same fashion of [I8]. It is a modified version of the method proposed in [11]
for the numerical computation of long-time solutions of linear Volterra integral equations of the second
kind. The introduced modifications are crucial in order to increase the accuracy in the approximation of the
observables. Moreover, further general properties of this method are: its flexibility in solving a wide range of
VIE, not necessarily of convolution type (as required by FFT based methods), also derived from applications;
whatever is the number of the evaluation times only one linear system has to be solved; its convergence in
weighted spaces of continuous functions as shown by the provided error estimates in weighted uniform norm.
A weaknesses of the proposed method might be related to the computational complexity in the construction
of the entries of the matrix and the right-hand side of the linear system. Further investigation in order to
reduce such complexity will be carried out in a future work.

In this paper we have considered a generalized version of the mathematical model proposed by Iwata
and coauthors in [20], which describes metastatic tumor growth. The novelties introduced are three: (i) We
have assumed five different tumor growth laws for both primary and secondary tumor growths (exponential,
power-law, Gompertz, generalized logistic and von Bertalanffy-West). (ii) We have considered different
metastatic emission rates for the primary and metastases themselves. (iii) Last, we have assumed that the
newborn metastases can be formed by clusters of several cells.

We did the numerical simulations for two different case studies, lung and breast tumors. Comparing
the five different curves within the same type of tumor, we can conclude that (i) for lung tumor case (see
Figure [1) Gompertz and exponential growth laws behave in a similar way, the same for generalized logistic
and power-law growths, while the von Bertalanffy-West is in between the two cases. This can be seen for
metastatic mass while for the cumulative number of metastases von Bertalanffy-West growth law is the
one that behaves dissimilar from the remaining four growth laws. (ii) Differently, for the growth of the
metastatic mass of a breast tumor (see Figure [2|) von Bertalanffy-West growth law has the most dissimilar
behaviour, while, at the end of the 60 days, power-law and generalized logistic reach comparable values as
well as the exponential and Gompertz laws. For the cumulative number of metastases, instead, only von
Bertalanffy-West growth law behaves differently than the remaining four ones.

Assuming that the emission rate of the metastases is different for primary and secondary tumor, respec-
tively, we can conclude that fixing the colonization coefficient for the secondary tumors and increasing the
coeflicient of the primary tumor leads to a growth of the total metastatic mass. Interestingly, assuming that
the metastases will not generate metastases themselves will affect, more significantly, the metastatic mass
only for power-law and generalized logistic laws, for lung data, while no relevant changes occur for breast
data. Given the biological evidence, [9], that the “newborn” metastases can be formed by clusters of cells,
from our numerical results obtained, assuming that the clusters sizes can vary from 1 to 10 cells, we can
conclude that the metastatic mass increases with increasing the initial value of the metastasis size in a more
accentuated way for Gompertz and exponential growth laws, but not for the remaining three growth laws.

We are aware that the chosen growth law models and consequently the parameter values might not
reproduce reality but we are optimistic that the flexibility of the introduced method, that solves the PDE-
ODE model, will permit the study of different types of tumors and growth functions. As further developments
we would like to extend the method also (i) for growth laws for which the analytical solution is not known,
and (ii) for the 2D ODE system case which includes the cure of the tumor.
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