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SURFACE BRAID GROUPS, FINITE HEISENBERG COVERS AND

DOUBLE KODAIRA FIBRATIONS
ANDREA CAUSIN AND FRANCESCO POLIZZ1

ABSTRACT. We exhibit new examples of double Kodaira fibrations by using finite
Galois covers of a product ¥, x X5, where ¥; is a smooth projective curve of genus
b > 2. Each cover is obtained by providing an explicit group epimorphism from the
pure braid group P2(%3) to some finite Heisenberg group. In this way, we are able to
show that every curve of genus b is the base of a double Kodaira fibration; moreover,
the number of pairwise non-isomorphic Kodaira fibred surfaces fibering over a fixed
curve X is at least w(b+ 1), where w: N — N stands for the arithmetic function
counting the number of distinct prime factors of a positive integer. As a particular
case of our general construction, we obtain a real 4-manifold of signature 144 that can
be realized as a real surface bundle over a surface of genus 2, with fibre genus 325, in
two different ways. This provides (to our knowledge) the first “double solution” to a
problem from Kirby’s problem list in low-dimensional topology.
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A Kodaira fibration is a smooth, connected holomorphic fibration f;: S — By,
where S is a compact complex surface and B; is a compact complex curve, which
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2 ANDREA CAUSIN AND FRANCESCO POLIZZI

is not isotrivial (this means that not all its fibres are biholomorphic to each others).
Equivalently, by [FiGr65], a Kodaira fibration is a smooth connected fibration f;: S —
By which is not a locally trivial holomorphic fibre bundle, cf. [BHPVO03, Chapter I,
(10.1)]; however, any such a fibration is a locally trivial differentiable fibre bundle in
the category of real C* manifolds, because of the Ehresmann theorem [Eh51]. The
genus by := g(B) is called the base genus of the fibration, whereas the genus g := g(F),
where F' is any fibre, is called the fibre genus. If a surface S is the total space of a
Kodaira fibration, we will call it a Kodaira fibred surface.

By [Kas68, Theorem 1.1], every Kodaira fibration f;: S — B satisfies by > 2 and
g > 3. In particular, S contains no rational or elliptic curves: in fact, such curves can
neither dominate the base (because b; > 2) nor be contained in fibres (since the fibration
is smooth). So every Kodaira fibred surface S is minimal and, by the superadditivity
of the Kodaira dimension, it is of general type, hence algebraic.

Examples of Kodaira fibrations were originally constructed in [Kod67] in order to
show that, unlike the topological Euler characteristic, the signature o of a manifold,
meaning the signature of the intersection form in the middle cohomology, is not mul-
tiplicative for fibre bundles. Indeed, every Kodaira fibred surface S satisfies o(S) > 0,
see for example the introduction of [LLR17], whereas o(B;) = o(F) = 0, and so
0(S) # o(By)o(F). On the other hand, in [CHS57] it is proved that the signature is
multiplicative for fibre bundles in the case where the monodromy action of the funda-
mental group 7 (B7) on the rational cohomology ring H*(F, Q) is trivial; thus, Kodaira
fibrations provide examples of fibre bundles for which this action is non-trivial. In fact,
the non-triviality of the monodromy action is ensured by the non-isotriviality of the fi-
bration, see also the variants of Kodaira’s construction later presented by Atiyah [At69]
and Hirzebruch [Hir69]. In this regard, Kodaira fibrations show the important role that
the fundamental group plays at the cross-road between the algebro-geometric properties
of a complex surface and the topological properties of the underlying real 4-manifold.

The technique used by Kodaira, Atiyah and Hirzebruch, namely taking a suitable
ramified cover of a product of curves, was subsequently refined in a series of papers by
several authors, see [Zaal95, LeBrun00, BDS01, BD02, CatRol09, Rol10, LLR17]. More-
over, very recently, the study of the monodromy action from a Hodge-theoretical point
of view has been undertaken in some particular cases, see [F117, Breg1§].

There are also different constructions, whose flavour is more complex-analytic, based
on Teichmiiller theory and Bers fibre spaces [GDH91a] or theta functions and Siegel
modular forms [GDH91b]. Furthermore, topological characterizations of Kodaira fibra-
tions in terms of Euler characteristic and fundamental group can be found in [Hil00,
CatRol09].

In the context of real 4-manifolds, the related problem of constructing non-trivial,
real surface bundles over surfaces has been addressed by using techniques from geo-
metric topology such as the Meyer signature formula, the Birman-Hilden relations in
the mapping class group and the subtraction of Lefschetz fibrations, see for exam-
ple [En98, EKKOS02, St02, L.17].

For more details on these (and many other) topics, we refer the reader to the survey
paper [Cat17] and to the references contained therein.

It is rather difficult to construct Kodaira fibrations with small o(S). Since S is a
differentiable 4-manifold which is a real surface bundle, its signature is divisible by 4,
see [Mey73]. If moreover S has a spin structure, i.e., its canonical class is 2-divisible
in Pic(S), then by Rokhlin’s theorem its signature is necessarily a positive multiple of
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16, and examples with o(S) = 16 are constructed in [LLR17]. It is not known if there
exists a Kodaira fibred surface such that o(S) < 12.

Another important invariant of Kodaira fibred surfaces is the slope v(S) = ¢2(S) /c2(.9),
that can be seen as a quantitative measure of the non-multiplicativity of the signature.
In fact, every product surface F' x By satisfies v(F' x B;) = 2; on the other hand, if S is
a Kodaira fibred surface, then Arakelov inequality (see [Be82]) implies v(S) > 2, while
Liu inequality (see [Liu96]) yields v(S) < 3, so that for such a surface the slope lies
in the open interval (2, 3). The original examples by Atiyah, Hirzebruch and Kodaira
have slope lying in (2,2 + 1/3], see [BHPV03, p. 221], and the first examples with
higher slope appeared in [CatRol09], where it is shown that there are Kodaira surfaces
satisfying v(S) = 2 4+ 2/3. This is the record for the slope so far, in particular it is a
present unknown whether the slope of a Kodaira fibred surface can be arbitrarily close
to 3.

The examples provided in [CatRol09] are actually rather special cases of Kodaira
fibred surfaces, called double Kodaira surfaces.

Definition 0.1. A double Kodaira surface is a compact complex surface S, endowed
with a double Kodaira fibration, namely a surjective, holomorphic map f: S — By x By
yielding, by composition with the natural projections, two Kodaira fibrations f;: S —
B;,i=1, 2.

Note that a surface S is a double Kodaira surface if and only if it admits two distinct
Kodaira fibrations f;: S — B;, i = 1, 2, since in this case we can take as f the product
morphism f; X f.

Let us now describe our approach to these topics, which exploits the techniques
introduced in [Pol18], and present our results. If ¥, denotes a smooth projective curve
of genus b, the aim of the present paper is to construct new examples of double Kodaira
fibrations by taking some Heisenberg covers of the product ¥ x 33, namely some Galois
covers, branched over the diagonal A C ¥, x ¥, and whose Galois group is isomorphic
to some finite Heisenberg group. More precisely, we take any odd prime number p and
we consider the isomorphism of Z,-vector spaces

V= H (X x Xy — A Zy) = Hi (S x S, Zy) =~ (Z,)*,

see Subsection 1.3. The space V' is endowed with an alternating form w: V xV — Z,
such that ker w =V C V; correspondingly, there is a central extension

1 —Z, — Heis(V, w) — V — 1,

see Definition 2.4 and Remark 2.9. Fixing any ordered set & = {p;, p2} of two points
in 3, the fundamental group m (3, x ¥, — A, &) is isomorphic to the group Py(%,)
of pure braids on two strings based at &2, see Definition 1.4; furthermore, there is a
natural surjective group homomorphism

¢ Po(E) — V,

given by the composition of the reduction mod p map H; (3, x X, — A, Z) — V with
the abelianization map Py(X,) — Hq(Zp X Xy — A, Z). Let Ajs be the generator of
P2(Xp) given by the homotopy class of a loop in ¥ x 3, — A, based at & and that
“winds once around A”; then, in Theorem 2.13, we provide necessary and sufficient
conditions on w ensuring that ¢ admits a surjective lifting

Y Pa(X) — Heis(V,w)
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such that ¢,,(A;2) is non-trivial. This in turn allows us (by using the Riemann Extension
Theorem, see Proposition 3.4) to construct a finite Heisenberg cover f: S, , — Xj x X,
depending on w, whose description is achieved by considering separately two cases: the
one where w is non-degenerate (i.e., symplectic) and the one where it is degenerate.

When w is symplectic, i.e. V4 = (0), the fibres of the compositions S, , LN i X

¥, —» ¥, are not connected, so we need to perform a Stein factorization in order to
obtain a double Kodaira fibration f: S , — X X Xy, which turns out to be a Z,-cover
which is “very simple” in the sense of Definition 3.3. This is the content of Theorem
3.10, Proposition 3.11 and Proposition 3.12, that for the sake of brevity we present here
in the following condensed version.

Theorem A. For every positive integer b > 2 and every prime number p > 5, there
exists a double Kodaira fibration f: Sy , — Xy X Xy, where

V—1= p2b(b - 1)7

which is a cyclic cover of degree p, branched over the disjoint union of p* graphs of
automorphisms. The two Kodaira fibrations f;: Sy, — Xy have the same fibre genus
g, which is related to b by the formula

29 —2=p"*" (20 -2 +9p),
where p :=1—1/p. The slope of S, is given by

2p — p?
— 2 —_—
V(Sb’p) +2l)—2—|—p7
and so we have
12

2 < V(S@p) S 24+ £,

with equality on the right holding precisely when (b, p) € { (2, 5), (2, 7) }.

It follows v(S3,,) > 241/3 for allp > 5. More precisely, if p > 7 the function v(Ss, )
15 strictly decreasing and

. 1
pEIqPoo v(S2,p) =2+ 3
Finally, for all pairs (b, p) we have

1
0(Shp) = 5p"H (20 = 2)(2 — p?) 2 0(Sp5) = 2! 5

Regarding the case where w is degenerate, we only analyze the case where the matrix
representing w has the form

Ty
( i JZ) € Matyy(Z,),

where J, is the standard 2b x 2b symplectic matrix. Then V; = ker w has dimension 2b
and, if p divides b + 1, there is a group epimorphism

Yw: P2(2p) — Heis(W, w),
where W = V/V4. The corresponding cover, that we call a degenerate Heisenberg
cover, directly yields a double Kodaira fibration f: Sy — X X 3, that is, in this
situation no Stein factorization is needed (the “o” superscript is used here in order

to emphasize this fact). An analogous result holds when p = 2, taking the Heisenberg
matrix group Hapy1(Z2) described in (30) as a substitute of Heis(WV, w), whose definition
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makes no sense in characteristic 2. Since for p > 3 the group Hopy1(Z,) is isomorphic to
Heis(IW, w), we can summarize our results by treating both the cases p odd and p = 2
at once, see Theorem 3.14 and Proposition 3.15.

Theorem B. Let ¥, be any smooth curve of genus b > 2. Then, for all primes p
dividing b+1, there exists a double Kodaira fibration f: Sy, — XXy The morphism
f is a finite Galois cover of degree p***', branched on the diagonal A C ¥y x ¥} and
having Galois group isomorphic to the matriz Heisenberg group Hoy11(Z,). Both Kodaira
fibrations Sy, — Xy have the same fibre genus g, satisfying the relation

29 — 2 = p*™(2b — 2 +p),
where p := 1 —1/p. Finally, the invariants of Sy , are
ci(Sp,) = p* (20— 2)(4b — 4 + 4p — p?)
02( l?,p) = p2b+1(2b - 2)(2b -2+ p)a

so that the slope and the signature of Sy, can be expressed as

2 o 2
i (Sp. ) 2p—p
Sy )= PL—9o4p T T
v( b,p) C2<S§,p) + 20 —2+p
(o] 1 (o] ] 1
o(Sp) = 3 (ci(Sh,) —2¢2(S5,)) = gp%“(?b —2)(2p —p°).
In particular, we have
o] o 1 o [¢]
V(Sb,p) <y 2,3) =2+ 3’ U(Sb,p) > o 3,2) = 128.

We emphasize that the degenerate construction allows us to obtain a much smaller
minimal signature than the construction with the symplectic form, namely 128 instead
of 24 .57, This is due to the fact that in the degenerate situation we can decrease the
lowest admissible order of the Heisenberg group from 5° to 27. The price to pay is
that now not all the pairs (b, p) are suitable for the construction, but only those with
p dividing b + 1, and this prevents us from obtaining slope higher that 2 + 1/3 in this
way.

We also remark that we can obtain only finitely many values of the fibre genus g for
a fixed b, because there are only finitely many primes p dividing b+ 1. In fact, all these
primes give pairwise distinct covers, as stated by our next result, see Corollary 3.18.

Theorem C. Let ¥, be any smooth curve of genus b. Then there exist at least one
and at most finitely many double Kodaira surfaces arising as degenerate Heisenberg
covers of the form f: .Sy, — ¥y X Xp. Furthermore, such surfaces are pairwise non-
homeomorphic and, denoting their number by k(b), we have

k(b) = w(b+ 1),

where w: N — N stands for the arithmetic function counting the number of distinct
prime factors of a positive integer. In particular, we obtain

lim sup x(b) = +o0.

b—~+o0

We believe that the results described above are significant for at least three reasons:
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(2) the idea of using finite quotients of Py(X,) in order to obtain double Kodaira
fibrations seems to be a new one. Furthermore, both the non-degenerate and
the degenerate construction can be applied uniformly for all values of the base
genus b;

(2¢) the non-degenerate construction allows us to obtain in one shot infinitely many
double Kodaira fibrations with slope higher than 2+1/3 (in fact, the maximum
slope obtained with our method is 2 + 12/35), maintaining at the same time
a complete control on both the base genus and on the signature (cf. Theorem
3.5 for a result in greater generality). By contrast, the (beautiful) “tautological
construction” used in [CatRol09] yields the higher slope 2 +2/3, but it involves
an étale pullback “of sufficiently large degree”, that completely loses control on
the other quantities. On the other hand, the revisitation of the tautological
construction presented in [LLLR17] makes the pull-back explicit, but it requires
a careful case-by-case analysis of the monodromy action in order to make sure
that some “virtual” topological data actually give rise to an effective double
Kodaira fibration;

(ii¢) the degenerate construction is a very minimal one, because it provides double
Kodaira surfaces directly as (non-abelian) Galois covers of ¥, x 3, branched
precisely over the diagonal A. As far as we know, this is the first construction
showing that all curves ¥, of arbitrary genus b > 2 (and not only some curves
with non-trivial automorphisms) are the base of at least one double Kodaira
fibration S — ¥, x ¥; in addition, the number of topological types of .S, for
a fixed Xy, can be arbitrarily large (cf. Theorem C).

A particularly interesting instance of (2¢¢) is the case b = 2, p = 3. It provides (to our
knowledge) the first “double solution” to a problem, posed by G. Mess, from Kirby’s
problem list in low-dimensional topology ( [Kir97, Problem 2.18 A], see also Remark
3.21), asking what is the smallest number b for which there exists a real surface bundle
over a surface with base genus b and non-zero signature. This is the content of our next
result, see Proposition 3.19.

Theorem D. There exists an oriented 4-manifold X (namely, the real 4-manifold un-
derlying the complex surface S5 3) of signature 144 that can be realized as a real surface
bundle over a surface of genus 2, with fibre genus 325, in two different ways.

In fact, we may ask whether 144 and 325 are the minimum possible values for the
signature and the fibre genus of a double Kodaira surface S — Y5 X ¥, see Question
3.20.

This work is organized as follows. In Section 1 we set up notation and terminology
and we collect the background material which is needed in the sequel of the paper. In
particular, in Corollary 1.9 we compute the (co)homology groups of the configuration
space 2, X X, — A with coefficient in an arbitrary field K and in Proposition 1.11 we show
the surjectivity of the corresponding cup-product pairing (all of this is certainly known
to the experts, but difficult to find in a self-contained form), whereas in Theorem 1.6 we
discuss Gongalves-Guaschi’s presentation of the braid group Py(3;), see [GG04]. The
main topic of Section 2 is our lifting result Theorem 2.13, whose proof is based on group
cohomological arguments and that seems to be of independent interest. Finally, all these
pieces of information are applied in Section 3 in order to construct our Heisenberg covers
of ¥y x ¥, and the corresponding double Kodaira fibrations.
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1. TOPOLOGY OF CONFIGURATION SPACES AND SURFACE BRAID GROUPS

1.1. Cohomology of ¥, x ¥, — A: rational coefficients. Let Y, be a smooth, pro-
jective curve of genus b > 2 and choose a basis

(1) al)"'aabaﬁla"'aﬂb
for the first cohomology group H'(%,, Z), symplectic with respect to the cup product

HY (Y, Z) x H (%, Z) — H* (%, 7).

Denoting by 1 and v the generators of H°(X, Z) and H?(X,, Z), by using the Kiinneth
Theorem and the Universal Coefficient Theorem for cohomology ( [Wel4, Theorem
5.5.8]) we see that the cohomology groups H* (%, x ¥, K) over an arbitrary ﬁeld K are
given by

HY(Sy x5, K) = (1® 1) =~
HY (S x %, K)=(1®a;, 1® 6, a; @1, B @ 1) ~ K*®
(2) Hz(szzba ) <1®’V7 az®a]7O‘z®ﬁ]aﬁz®a1761®5377® > K4b2+2
H3(Eb X zbv ) <7 & Oy, Y ® ﬁza 87} & v, ﬁz ®’Y> K4b
(

HY (X x 5, K) = (y®7) ~ K,
where 4, j € {1,...,b} and ( ) means “span over K”.
Proposition 1.1. For every field K, the cup-product pairing
£: NP HY (S, x By, K) — H?(S, x T, K)
18 surjective.

Proof. The cup product in the graded-commutative tensor algebra H*(3, x %, K) =
H*(%, K) @ H*(Xp, K) is given by

(3) {(r®y, z0w) = (=1)*¥W D2 @ yu,

see [Hat02, p. 219]. The basis in (1) being symplectic, we have o;3; = —f;a; = ;57
(where 0;; is the Kronecker symbol) and this, together with (2), implies the claim. O

If X is a topological space and X" is its hth Cartesian product, we denote by A C X"
the big diagonal, namely

A={(21,...,m4) € Xh\ x; = x; for some i £ 7}
Definition 1.2. The hth ordered configuration space of X is defined as
XM A=A{(21,...,21) € X"| x; #x; forall i#j}.

We will focus on the case X = ¥, and h = 2, for which the following result holds,
see [Az15, Corollary 12], [Kr94], [To93].

Proposition 1.3. The Betti numbers of ¥, x 3, — A are
bp=1, bi=4g, by=4¢*+1, bs=2g, by=0.
Moreover, the inclusion map v: X X 2y — A — Xy X X induces isomorphisms
H' (X, x Sy — A, Q) ~ HY (3, x 4, Q)
(4) H*(Xy x 5y — A, Q) ~ H*(3 x 5y, Q)/(0)
H(Zy x By = A, Q) = HY(Zy x By, Q)/((1® ai)d, (1® 5i)0),
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where § € H*(3, x Xy, Q) stands for the cohomology class of the diagonal A.

1.2. Surface pure braid groups. Let ¥, be a smooth projective curve of genus b > 2
as above, and let & = {py,...,pn} C X, be an ordered set of h distinct points. A pure
geometric braid on Y, based at & is a h-tuple («ay,...,q;) of paths «;: [0, 1] — %
such that

e o;(0) =0a;(1)=p; forallie{l,... h}

e the points a4 (t),...,an(t) € ¥y are pairwise distinct for all ¢ € [0, 1],

see Figure 1.

/3, B B =,x(0]

/’, P, T p/ =, x(1]

FIGURE 1. A pure braid on 3 strings

Definition 1.4. The pure braid group on h strings on Y is the group P, (3;) whose
elements are the pure braids based at & and whose operation is the usual concatenation
of paths, up to homotopies among braids.

It can be shown that P,(3,) does not depend on the choice of the set &2, and that
there is an isomorphism

(5) Ph(Zb) ~ Wl((zb)h — A, 32)

Moreover, the group P,(%p) is finitely presented for all pairs (b, h), and explicit
presentations can be found in [Bel04, Bir69, GG04, S70]. Again, we will focus on the
case h = 2, referring the reader to [GG04, Sections 1-3] for a treatment of the general
situation.

Proposition 1.5 ( [GG04, Theorem 1]). Let py, pa € Xy, with b > 2. Then the map of
pointed topological spaces given by the projection onto the first component

(6) (3p x Xy = A, (p1, p2)) — (X, p1)
induces a split short exact sequence of groups
(7) 1 — m (3 — {p1}, p2) — P2(5) — (0, p1) — 1.
For all j € {1,...,b}, let us consider the elements
Pijs T, P2j, T2j

of Po(%y) represented by the pure braids shown in Figure 2.
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P,

D,

P, Py

FIGURE 2. The pure braids pi;, 7ij, p2j, T2; on Xy

If ¢ # 4, the path corresponding to p;; and 7,; based at p, is the constant path.
Moreover, let A;5 be the pure braid shown in Figure 3.

~
F1GURE 3. The pure braid A on 3,

The elements

(8) P21y -y P2by To1s- - Tob, Ar2

can be seen as generators of the kernel 7 (3, — {p1}, p2) in (7), whereas the elements

(9) P11, - -5 P1by T115---5T1b

are lifts of a set of generators of m (X, p1) via the quotient map Po(3,) — w1 (X, p1),
namely, they form a complete system of coset representatives for (%, p1). By Propo-
sition 1.5, the group Py(%;) is a semi-direct product of the two groups 71 (X, — {p1}, p2)
and (2, p1), whose presentations are both well-known; then, in order to write down
a presentation for our braid group, it only remains to specify how the generators in
(9) act by conjugation on those in (8). This information is encoded in the following
result, where the conjugacy relations are expressed by using commutators (i.e., instead
of zyz™! = 2 we write [z, y] = zy™1).

Theorem 1.6 ( [GGO04, Theorem 7]). The group Po(Xy) admits the following presenta-
tion.

Generators
P1j, T1j, P2js T2j, A, j=1,...,b.

Relations

e Surface relations:

o T ) T [P1o—1s Tiom1) Tiper - P11 Tin ) T (T Tia - -+ 1) = Aps

[pa1ts T21] To1 [paa s Toa] Toz+++ [poys Tow) To (T Tapy *+* To1') = ALR
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(10)

(11)

ANDREA CAUSIN AND FRANCESCO POLIZZI

e Action of py; :

[plja sz] =1
[Plj, P2j] =1
(1) p2x) = ALy pok p3j Avz paj oy

(P17, Tox] = 1
(15, T2j] = Al

(o1, Tor) = [ALR, Tou]

[1j; Ara] = [p3; s Ao

e Action of pl_jl :

[p;j17 ka] =
[Pfjl, p2;]
01,5 par]

I
—_ =

p2j A2 p3} par ALY

1

[p1_j17 7—2k]
[, 72]

= Py
1 . -1 -1 —-1_-—
015 Tok] = paj Ava P ok pa;j Ava paj Ty,

N

-1
12 Po;
1

[pl_jl) Ara] = [p2j, A2

e Action of 7y, :

[7'13'7 P2k] =1
[T1j, p2j] = 7'2_3-1 Ajg Ty

[T15, pak] = [72_j1> A
[T1j, Tok) = 1
715, 7o) = 735", Aual

—1 —1 —1 —1 -1
(71, Tok] = Toj Ava Toj Apy Tor A1a Toj Ajy Toj Ty

[T, Aa] = [7—2_]‘17 Ay

it j<k

if 7>k

it j<k

if j>k

if j<k

it j>k

it j<k

if j>k

it j<k

if j>k

it j<k

if j>k
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e Action of Tfjl :

(12) (73, pow] =1 if j<k
(715 pas) = Ay
(73 pox] = [ATS, 7] if j>k
[Tfjl, Tok] = 1 if j<k
(11, 23] = [ALy, 7]
[7‘1_]-1, Tor) = ALy Toj Ara 7'2;-1 Top Toj ALy 7’2_J-1 Ag 75! if j>k

[r', Ave] = [AL, 7]
Remark 1.7. Let us make some comments on the previous result.

(i) As remarked in [GGO4, p. 196], we might deduce the action of p;;' and 7;;! from
that of p;; and 7,5, in other words the sets of relations (11) and (12) are actually
redundant. However, since the required computations are rather cumbersome,
for the sake of clarity we preferred to explicitly write down all the relations.

(i) Tedious but straightforward calculations show that the presentation given in
Theorem 1.6 is invariant under the substitutions

-1 -1
A «— A, 15— 7 b+1—jr  PLj 7 P2 btl—j)

where j € {1,...,b}. These substitutions correspond to the order 2 automor-
phism of Py(%,;) induced by the involution of ¥, given by a reflection switching
the j-th handle with the (b+ 1 — j)-th handle for all j. Hence we can exchange
the roles of p; and py in (7), and see Po(%;) as the middle term of a split short
exact sequence of the form

(13) 1 — m (3 — {p2}, p1) — P2(B) — mi (S, p2) — 1,
induced by the projection onto the second component

(Eb X My — A, (ph pz)) — (Zm p2)-

Now the elements

P11y -5 P1bs T115-- -5 Tlbs Aig

can be seen as generators of the kernel (3, — {p2}, p1) in (13), whereas the
elements

p217"'7p2b7 721y .-, T2

yield a complete system of coset representatives for m (X, ps).

(7) In [GGO4, p. 190-191], the splitting of (7) is obtained by first constructing an ex-
plicit geometric section, that in turn yields the algebraic section s: w1 (3, p1) —
P2(X) given by

s(prj) = p1j,  s(mg) = Tk, (1) = leA1_217'2b7

forall j € {1,...,b}, ke {l,...,b—1}.
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(4v) The inclusion map ¢: ¥y X X — A — 3, x ¥ induces a group epimorphism
Lt Pa(3p) — m1 (2 x %), whose kernel is the normal closure of the subgroup
generated by Ajs. Thus, given any group homomorphism ¢: Py(3,) — G, it
factors through m (¥, x ) if and only if ¢(Ay) is trivial.

(v) In terms of the isomorphism (5), the generator A5 corresponds to the homotopy
class in X, x ¥, — A of a topological loop in ¥, x ¥, that “winds once around
A”.

1.3. Cohomology of ¥, x ¥, — A: arbitrary coefficients. From Theorem 1.6 we
easily obtain

(14) 7% ~ Py(3)™ ~ Hy (X x ¥y — A, Z) ~ Hom (HY (S x &y — A, Z), Z),

where the last isomorphism follows from the Universal Coefficient Theorem as stated
in [Wel4, Theorem 5.5.12]. We are now ready to compute the cohomology groups of the
2nd configuration space %, x ¥, — A with coefficients in an arbitrary field. The crucial
step consists in showing first that all its integral cohomology groups are torsion-free.

Proposition 1.8. The cohomology groups of ¥y X ¥, — A with integral coefficients are
as follows:

HY Sy xSy — A, Z)~ 7
HY (S x 3 — A, Z) ~ 7%
(15) H2(Sy x 5y — A, Z) ~ 72741
H3(Sy x 3y — A, Z) ~ 7%
Yoy x Sy — A, Z) =
Furthermore, for all i € {0,...,4} we have
(16) H;(Zy x Xy — A, Z) ~ Hom (H (X x 5y — A, Z), 7).

Proof. The projection (6) onto the first component yields a locally trivial topological
fibration f: ¥, x ¥, — A — ¥, with fibre homeomorphic to 3, — {p1}, see [FNG2,
Theorem 1]. There is a commutative diagram of fibrations

beEb—A—>L bezb

bIS 2

and moreover
HY Yy —{m}, 2) =~ HI(%y, Z), q=0,1.
Thus, for every point xg € ¥, the monodromy representations

0q: ™ (s, o) — Aut (HU(f(x0), Z)), ¢=0,1,

coincide with the corresponding monodromy representations for the product fibration
o 2y X 2, — 2, and so they are trivial. This in turn implies that the local systems
RIf,Z are isomorphic to the constant sheaves HY(3, — {p1}, Z) for ¢ = 0, 1. Now we
claim that

(17) R2f.7. = 0.
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In fact, by local triviality, there exists a contractible open set U C ¥, such that
fHU)=U x (8 — {p1}),
and by the Kiinneth formula this yields
H*(f71(U), Z) =~ H*(Z, — {p1}, Z) = 0,

the last equality being a consequence of the fact that ¥, — {p;} is a non-compact, real
2-manifold, see [Bre93, Corollary 7.12 p. 346] and [Wel4, Theorem 5.5.12]. Recalling
that R?f,Z is the sheaf on %, associated to the presheaf U — H?(f~*(U), Z), we obtain
(17), as claimed.

Summarizing the computations above, we see that the Fs-page of the Leray spectral
sequence for f: X, x X, — A — ¥, namely

By = HP(S,, RUf.Z) = HPI(S, x 5y — A, Z),
is given by

1 | HYS, Z) HY(Sy, Z)®@ HY(Sy, Z) HX(S, Z) ® H'(Sy, 7Z)

0,1
dy

0 | HY(S,, 2) HY (S, 7) H*(Sy, 7)

The only differential that is not automatically zero is dy ' : HY(Xy, Z) — H2(%,, Z),
so we obtain

(18) H' (S, xSy — A, Z) ~kerdy' @ H\(Sy, Z) ~kerdy' @ Z*.

Comparing (18) with (14), we deduce kerdy' ~ Z?», in other words dy' is the zero
map, too. Hence the spectral sequence degenerates at the page Fs, and (15) follows.
The isomorphisms in (16) are now a consequence of the Universal Coefficient Theorem,
as stated in [Wel4, Corollary 5.5.19], because all integral cohomology groups of ¥, x
¥, — A are torsion-free (Proposition 1.8). O

The computation of the cohomology groups of ¥, x ¥, — A over an arbitrary field is
now straightforward.

Corollary 1.9. For every field K and for alli € {0,...,4}, there are isomorphisms
(19) Hi(szzb—A, K)ZHi(ZbXEb—A, Z)@K,
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so that the left-hand side of (19) can be computed by using (15). Moreover, the inclusion
map t: Xy X X — A — Xy X Xy induces isomorphisms

HY (3 x Iy — A, K) ~ HY(S, x I, K)
(20) H? (X, x X — A, K) ~ H*(S, x 5, K)/(6)

H3 (3 x 3y — A, K) ~ H3(S, x 3y, K) /(1 ® a3)d, (1@ 8;)6).
Finally, as K-vector spaces we have

(21) Hi(Zy x 3y — A, K) ~ H (S, x 2 — A, K)Y.

Proof. The isomorphism (19) comes from the Universal Coefficient Theorem as stated
in [Wel4, Theorems 5.3.9]. The same theorem, applied to (4), yields (20). Finally, (21)
is an immediate consequence of [Wel4, Theorems 5.5.19]. O

Remark 1.10. The cohomology class § € H?(X, x ¥, K) of the diagonal A C ¥ x 3,

1S
b

F=7@1+1®@7+ > (B;®a;—a;® f),

j=1
see for instance [MilSt74, Theorem 11.11], so we can rewrite the last isomorphism in
(20) as

HS(Zb X Zb _A7 K) = Hg(Eb X Eba K)/<al®’y+’y®alv ﬁz®7+7®5z>

We can also prove the analogue of Proposition 1.1 for the 2nd configuration space of
.

Proposition 1.11. For every field K, the cup-product pairing
n: APHY S, x 3y — A K) — H*(X, x 5 — A, K)
1S surjective.

Proof. We have a commutative diagram

AHY S, x 5y, K)  —  HX(S, x 5, K)

@ ! !
ANHY S, x 8y — A, K) —1— H?*(Zy x 5y — A, K).
By Proposition 1.1, the map £ is an epimorphism. Moreover, by Corollary 1.9, the

vertical map on the right is an epimorphism as well, whereas the vertical map on the
left is an isomorphism, so the result follows. Il

Given a group 7, a K(7, 1)-space, also called an aspherical space, is a CW-complex
X such that m (X) = 7 and m;(X) = 0 for all ¢ > 1. By Whitehead’s theorem, this is
equivalent to the universal cover of X being contractible, see [Hat02, Proposition 4.1 p.
342 and Theorem 4.5 p. 346].

Lemma 1.12. The 2nd configuration space 3y X X, — A is a K(Py(%,), 1)-space.

Proof. For all © > 1, the homotopy long exact sequence for the fibration f: 3, x ¥, —
A — 3, gives

. — m(Eb — {pl}) — m(Zb X Eb — A) — wi(Eb) — ...
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Then, if we prove that both ¥, — {p;} and X, are aspherical spaces, we are done.
For ¥, — {p1} this follows from the fact that it has the homotopy type of a bouquet
of 2b copies of S, and so its higher homotopy groups vanish, whereas for 3, it is a
consequence of the fact that its universal cover is the Poincaré upper half-space, which
is contractible. O

We can now state the following particular case of the topological interpretation of
the cohomology groups of a group 7 as the cohomology of an aspherical space with
fundamental group .

Proposition 1.13. For every field K and for all i > 1, there are isomorphisms
H (S x 5y, K) ~ H'(71(3 x 3p), K)

(23) Hz’(zb X 3 — A, K) ~ Hi(P2(2b>, K)a

where K is endowed, as an abelian group, with the trivial m (X, X Xp)-module structure
(respectively, with the trivial Po(Xy)-module structure).

Proof. The space ¥, X ¥, is aspherical and, by Lemma 1.12, the same is true for ¥, x
Yy — A. So the claim follows by using [ML95, Theorem 11.5 p. 136], together with (5)
for the second isomorphism. Il

2. LIFTING HOMOMORPHISMS FROM SURFACE BRAID GROUPS ONTO FINITE
HEISENBERG GROUPS

2.1. Extra-special p-groups and finite Heisenberg groups. The following defini-
tion can be found in many textbooks on finite group theory, see for instance [Gor07, p.
183], [Is08, p. 123]. In the sequel, we will use the notation Z, for both the group and
the field with p elements.

Definition 2.1. Let p be an odd prime number. A finite p-group G is called extra-
special if its center Z(G) is cyclic of order p and the quotient V = G/Z(G) is a non-
trivial, elementary abelian p-group.

An elementary abelian p-group is a finite-dimensional vector space over the field Z,,
hence it is of the form V = (Z,)4™" and G fits into a short exact sequence

(24) 1—2Z, G5V — 1.

Note that, V' being abelian, we must have |G, G] = Z,, namely the commutator sub-
group of G coincides with its center. Furthermore, since the extension (24) is central,
it cannot be split, otherwise G would be isomorphic to the direct product of the two
abelian groups Z, and V, which is impossible because G is non-abelian. As a con-
sequence, the equivalence class of such an extension gives a non-zero element in the
second cohomology group H?(V, Z,), where Z, has the structure of a trivial V-module,
see [Rot02, Sections 9.1-9.3]. We shall now identify this element, following [BC92, Sec-
tion 10].

We first define a function e: V' — Z, by taking e(v) = wP, where w is any element
with 7(w) = v. Since commutators are central and of order p, we have

_1  _pype=D
e(v1vy) = (wiwe)” = wiwhwy ", w77 = wiwh = e(vr)e(ve),

so that € is a linear map, namely an element of the dual space V.
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We now define a bilinear map w: V x V. — Z, as follows. If v, vy € V, we take
any two elements wy, we € G with 7(wy) = vy, m(wy) = vy and we set

(25) (D(Ula UQ) = [wh IUQ]-

By definition we have w(v, v) = 0, hence @ is an alternating map, namely an element
of the vector space Alt?(V) ~ A?(VV). Assume now that v € V is such that the linear
functional @(v, -) on V' is identically zero, and let w € G be any element such that
m(w) = v. Then [w, -] is identically zero on G, in other words w € Z(G) = ker w, and
so v = w(w) = 0. Therefore @ is non-degenerate, so it is a symplectic form on V; in
particular, this implies that dim V' is even.

The following description of the cohomology algebra H*(V, Z,) can be found in
[AAGO9, p. 1].

Proposition 2.2. Let V' be an elementary abelian p-group, and let Z, be endowed with
the structure of trivial V-module. Then there is an isomorphism of graded algebras

(26) H*(V, Zy) =~ A(VY) @z, S(VY),

where the exterior copy of the dual space VV is H(V,Z,) and the polynomial copy lives
in H*(V, Z,); specifically, the polynomial copy is the image of the exterior copy under
the Bockstein boundary map 3: H'(V,Z,) — H*(V, Z,). In particular, we have

(27) H(V, Z,) ~ N2 (V) VY

and, under this identification, the extension class corresponding to the central extension
given in (24) is (@, €).

Remark 2.3. Using coordinates, we can rewrite the isomorphism of graded algebras
(26) as

H*(‘/a Zp) = A(xla s 7:En) ®Zp Zp[yly s ayn]y

where deg(x;) = 1, deg(y;) = 2 and the Bockstein map is given by f(z;) = y;. With
this notation, a basis for H'(V, Z,) is provided by the z;, whereas a basis for H*(V, Z,)
is provided by the elements z; A x;, with ¢ < j, and by the yy, cf. [BC92, p. 225].

An immediate consequence of the previous discussion is that an extra-special p-group
has order p?"*! for some n € N. A classification of such groups, for every n and p, can
be found in [Gor(07, Section 5.5]; in particular, it follows that the exponent of an extra-
special group is either p or p?>. We will only present the important examples provided
by finite Heisenberg groups, that belong to the former case; to this purpose, let us first
define Heisenberg groups in general.

Definition 2.4. Let K be a field of characteristic # 2 and let (V, w) be a symplectic
K-vector space. We define the Heisenberg group Heis(V, w) as the central extension

(28) 1 — K — Heis(V, w) — V — 1

of the additive group V given as follows: the underlying set of Heis(V, w) is V' x K,
endowed with the group law

1
(29) (v1, 1) (vg, ta) = (U1 + vg, T1 + 2 + Ew(vl, UQ)) .
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By basic linear algebra, all symplectic forms on a 2n-dimensional vector space V'
are equivalent to the standard symplectic form wy on K2?*; thus, given two symplectic
forms wy, we on V, the two Heisenberg groups Heis(V, w;), Heis(V, ws) are isomorphic,
because they are both isomorphic to Heis(K*", wy). Moreover, the latter group is in
turn isomorphic to the matriz Heisenberg group Ha, 1 (K), the subgroup of GL,2(K)
consisting of matrices with 1 along the diagonal and 0 elsewhere, except for the top row
and rightmost column, namely

3

1 x
(30) H2n+1(K) = ‘0 I
0 O

x,y e K" zeK

y4
ty
1

An explicit isomorphism is obtained by sending a matrix as above to the pair

1
1) (0.1 = (. ¥), 2= gx-y ) € Hels(2, ).
where (x, y) € K" x K" = K?" and - denotes the standard scalar product in K™. The
subscript of Hy, 1 (K) stands for its 2n + 1 standard generators, namely those matrices
having all the entries not on the diagonal equal to 0, except one that is equal to 1.
In particular, the center of Hy,1(K) is the copy of K generated by the matrix with
x=y=0,2=1

Remark 2.5. The description of the Heisenberg group as Hs,, 1 (K) has the advantage of
working in every characteristic, but, unlike Heis(V, w), it is not coordinate-free. On the
other hand, neither Heis(V, w) nor the isomorphism (31) make sense in characteristic 2,
because of the presence of the coefficient 1/2. When char(K) = 2, we might be tempted
to define Heis(V,w) by using the group law

(v1, t1) (v, ta) = (v1 + V2, t1 + t2 + w(v1, V1))

on V x K. Although this makes sense, nevertheless the group obtained in this way is
abelian (and so it is not isomorphic to Ha,11(K)). In particular, it is not suitable for
the construction of Kodaira fibrations as finite Heisenberg covers of ¥, x ¥, that we
will present in Section 3, see Remark 3.6.

Let us now show that, if K = Z,, then Heis(V, w) is a finite p-group, which is in fact
an extra-special one.

Proposition 2.6. Let p be an odd prime number and K = Z,. If dim V = 2n, then
Heis(V, w) is an extra-special p-group of order p*™™' and exponent p. Moreover, the
symplectic form @ on V, defined in (25), can be naturally identified with w. Finally,
fized any Z,-basis {vy,...,ve,} of V, the group Heis(V, w) admits the following presen-
tation.

Generators:
Vi,...,Von, Z,
where

(32) Vi = (Ul, 0), co., Vo = (UQn, 0), Z= (0, 1)
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Relations:
vi=...=vh =2 =1
(33) Vi, 2] =...=[van, 2] = 1
i v =20
where i, j € {1,...,2n} and the exponent in z*""3) stands for any representative in Z

of w(v;, vj) € Zy.

Proof. First, we identify the subgroup {0} x Z, of V' x Z,, with Z,, and we check that
it is the center of Heis(V, w). In fact, using the group law (29), we see that an element
g = (v, t) € Heis(V, w) is in the center if and only if

w(”ﬁ ) = w('? U),

that is, if and only if the linear functional w(v, -) on V' is identically zero. This in turn
implies v = 0 because w is non-degenerate, and so g = (0, t) € Z,, as desired.

Next, for every g = (v, t) € Heis(V, w), using the fact that w(v, v) = 0, we obtain
g* = (pv, pt) = (0, 0), and this shows that Heis(V, w) has exponent p.

Finally, take the symplectic form @ on V' given by (25). Given two elements v, v' € V,
we can lift them to the elements x = (v, 0), 2’ = (v/, 0) in Heis(V, w), and by definition
we obtain

= (0, w(v, V")) € Z,,

so we can naturally identify @ with w. Checking that (33) is a presentation for Heis(V, w)
is now straightforward. U

Remark 2.7. If p is an odd prime, Proposition 2.6 and the isomorphism (31) show
that the group Ha,41(Z,) is an extra-special p-group of order p**™! and exponent p.
Moreover, when (V, w) = ((Z,)**, ws) and {v1,...,ve,} is the standard basis of V,
the generators in (32) are the images of the standard generators of Hs,1(Z,) via the
isomorphism given by (31). If instead p = 2, the group Ha,1(Zs) is of order 22", but
its exponent is 4; for instance, H3(Z2) is isomorphic to the dihedral group Dg with 8
elements.

Remark 2.8. If K = Z,, the cohomology class in H?(V, Z,) that corresponds to the
Heisenberg extension (28) is given by the symplectic form w. In fact, by construction,
the linear functional e: V' — Z, is identically zero, because Heis(V, w) has exponent
p. So our extension class coincides with @ (Proposition 2.2), that in turn can be
identified with w (Proposition 2.6). Actually, w: V' x V' — Z, gives an explicit 2-
cocycle corresponding to the extension; in fact, by bilinearity, for all vy, ve, v3 € V we
have

w(v1, v + v3) — w(vy + Ve, v3) + W(ve, v3) — w(vy,ve) =0,
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which is precisely the cocycle identity for the trivial V-action on Z,, cf. [Rot02, Theorem
9.17].

Remark 2.9. The construction of the Heisenberg group given in Definition 2.4 can be
generalized to the situation where the alternating form w: V' x V — K is degenerate.
In fact, denoting by Vj the kernel of w, we see that the set V' x K, endowed with the
operation (29), is a group whose center equals Vj x K. Denoting this group still by
Heis(V, w), the central extension (28) fits into a commutative diagram

1 > Ly > Heis(V, w) —— V —— 1
) | | |
1 > Ly > Heis(W, w) —— W —— 1,

where we set W = V/Vj and we continue to write w for the symplectic form induced by
won W. If dimV = 2n and dim Vy = 2ng, with ng < n, then Heis(I¥, w) is a genuine
Heisenberg group in the sense of Definition 2.4, in particular it is an extra-special p-
group of order p*(®~"0)*1 and exponent p, see Proposition 2.6. Applying the snake
lemma to diagram (34), we can check that the group homomorphism Heis(V, w) —
Heis(W, w) is surjective, with kernel equal to Vj. In fact, at the level of sets it is given
by the map V x K — W x K, where we have the quotient by Vj on the first component
and the identity on the second one.

2.2. Group cohomology and lifting of homomorphisms. Suppose that we have
a short exact sequence of groups

l—K—G—V —1

with abelian kernel, and a group homomorphism ¢: V' — V. Taking the fibred
product construction as in [DHW12, p. 72], we obtain a commutative diagram with
exact rows

|- K G — V' —— 1
) R
| —K—G—eV—1

Writing u € H*(V, K) and v € H*(V’', K) for the extension class of the bottom and
the top row, respectively, one can check that «' is the image of u via the induced map
¢*: H*(V, K) — H*(V', K), where K is a V'-module via ¢. From this, we get the
following useful cohomological lifting criterion.

Proposition 2.10. The group homomorphism ¢: V' — V admits a lifting ¢: V' —
G if and only if ¢*u=0¢€ H*(V' K).

Proof. By the definition of fibred product, the liftings p: V' — G of ¢: V! — V are
in bijective correspondence to the splittings s: V' — G’ of the top sequence in (35),
and such a sequence splits if and only if the extension class u’ = ¢*u is zero. U

2.3. Liftings onto finite Heisenberg groups. We will now apply the previous results
to the following framework. We set

K=17, V=H(x%—A,7Z,)~(Z,)"
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and we put a symplectic form w on V. Correspondingly, we can consider the Heisenberg
extension (28), whose middle term Heis(V, w) is an extra-special p-group of order p*+!
(Proposition 2.6). Furthermore, we denote by

¢: Py(Xy) — V

the surjective group homomorphism given by the composition of the reduction mod p
map Hq (X X 3y — A, Z) — V with the abelianization map Py(3,) — Hq (X, X X5 —
A, Z). Using Proposition 2.10, we immediately obtain

Corollary 2.11. Let us consider the diagram

Pa(2s)
ol
£
1 —Z, — Heis(V, w) Vv 1,

and denote by u € H*(V, Z,) the cohomology class corresponding to the bottom Heisen-
berg extension. Then a lifting v, : Po(Xp) — Heis(V, w) of ¢: Po(Xy) — V' ewists if
and only if ¢*u =0 € H*(P2(%y), Zy).

Now we give an interpretation of the cohomological condition ¢*u = 0 in terms of
the symplectic form w. Since

VV ~ H1<Eb X Zb — A, Zp) ~ Hl(Eb X Eb, Zp>,
see (20) and (21), there is a commutative diagram

3

Al (V) =~ A2VY H2(%y X %, Z,)

T

HQ(E(, X Eb — A, Zp)

where the vertical map is the quotient by the 1-dimensional vector subspace of H?(%;, x
Yy, Zy,) generated by the class ¢ of the diagonal (see again (20)), whereas n and &
stand for the cup product maps. Note that here, with slight abuse of notation, we are
identifying & and its composition with the isomorphism A?VY — A2HY(3, x %, Z,),
cf. diagram (22).

Proposition 2.12. The obstruction class ¢*u € H*(Po(2y), Z,) can be naturally inter-
preted as the image n(w) € H*(Xy, x ¥y — A, Z,) of the symplectic form w € Alt*(V)
via the cup-product map 1.

Proof. There is a commutative diagram

¢>k

~

ANVY g VY

HZ(V> Zp) HQ(PZQJI))’ Zp)

J 5

Al2(V) ~ A2VY = H2(S, x 5 — A, Zy),

where the isomorphism on the left is (27), the vertical map on the left is the projection
onto the first summand and the vertical map on the right is the second isomorphism
n (23). By Remark 2.8, the extension class u € H*(V, Z,) can be naturally identified
with w € Alt*(V), so the claim follows. O
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As a consequence, we obtain the following lifting criterion, that can be seen as the
main result of this section.

Theorem 2.13. The following holds.
(1) A lifting @, : Pa(Xy) —> Heis(V, w) of ¢: Pa(3,) — V exists if and only if
n(w) = 0.
(2) If v, asin (1) exists, then v, (A12) has order p if and only if {(w) is a non-zero
integer multiple of the diagonal class § € H*(3y X Yy, Zy). In this case, @, is
necessarily surjective.

Proof. Part (1) follows from Corollary 2.11 and Proposition 2.12, so it only remains to
show part (2). We first observe that we have ¢(A;2) = 0: in fact, the element A;y is
a commutator of Py(3), see the fifth relation in (10), and, by construction, ¢ factors
through the abelianization map of Py(%;). By Remark 1.7 (iv), this implies that ¢
factors through the group epimorphism ¢, : Po(X,) — m1(Xp X Xp), that is, there exists
a group homomorphism ¢: 71(3, x X)) — V and a commutative diagram

T (5 X B) == Py()

|
5 \ j(b
\ ¢
1 Ly Heis(V, w) Vv L.

The same argument as in the proofs of Corollary 2.11 and Proposition 2.12, together
with the first isomorphism in (23), shows that the pull-back ¢*u € H?(m1 (2 x X)), Zj)
can be naturally interpreted as the image &(w) € H?(X, X ¥4, Z,) of the symplectic
form w € Alt*(V) via the cup-product map &, and that we have ¢*u = 0 if and only if
¢ can be lifted to a group homomorphism @,,: 71 (X, x ¥;) — Heis(V, w).

On the other hand, the existence of ¢, means that ¢, : P2(2,) — Heis(V, w) factors
through ¢, and, again by Remark 1.7 (iv), this happens if and only if ¢,,(A;2) is trivial.

Summing up, the element ¢, (A12) € Heis(V, w) is non-trivial (or, equivalently, it has
order p) if and only if {(w) # 0. Since we are assuming n(w) = 0, this in turn implies
that ¢(w) is a non-zero element in the kernel of H?(3yx %y, Z,) — H*(ZyxXp—A, Z,),
namely a non-zero integer multiple of the diagonal class 9.

Finally, being A;5 a commutator of Py(%,) implies that ¢, (Aj2) is a commutator of
Heis(V, w), that is, an element of the center Z,. Then, if such an element is non-trivial,
the fact that ¢: Po(X,) — V is surjective implies that the same is true for its lifting
0y P2(Xy) — Heis(V, w). O

We can therefore give the following definition, whose geometrical motivation will
become clear in Section 3, see in particular Theorem 3.10.

Definition 2.14. Set V = H, (3%, x ¥, — A, Z,) and let w € Alt*(V) be a symplectic
form on V. We will say that w is of Heisenberg type if it satisfies one of the following
equivalent conditions:
(1) there exists a surjective lifting ¢,,: P2(3;) — Heis(V, w) of ¢: Po(3y) — V,
such that ¢, (A;2) has order p;
(2) we have n(w) =0 and {(w) # 0;
(3) &(w) is a non-zero integer multiple of the diagonal class § € H%(3, X Xy, Z,).

Now we want to provide explicit examples of symplectic forms of Heisenberg type.
Notice that, by the surjectivity of £ and n (Propositions 1.1 and 1.11), the total number
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of alternating forms in kern — ker ¢ equals

p4b2—2b—1 . p4b2—2b—2 _ p462—2b—2(p _ 1) >0,

hence it only remains to exhibit some of these forms that are non-degenerate. We
denote again by a,...,ap, fi,..., S the images in H (X, Z,) = H' (%, Z) ® Z, of
the elements of the symplectic basis of H'(X,, Z) given in (1), and we choose for V' the
ordered basis

(36) r11s t11y. -3 10y tip, To1, To1, ..., T2p, Top,

where, under the isomorphism V' ~ H; (%, X ¥, Z,) induced by the inclusion ¢: X x
— A — ¥ x Xy, the elements 7y, t1;, 725, to; € V are the duals of the elements

a;®1, 5,01, 1Qa;, 1®8; € H (X X Xy, Zy) ~ HY (S, Z,) @ H (3, Z,), respectively.
Now we take non-zero scalars Ay, ..., Ay, f1,..., Uy € Z, such that

b b
(37) dDN=D =1
j=1 j=1

and we consider the alternating form w: V x V. — Z, defined on the elements of the
basis of V' as follows: for all j € {1,...,b} we set

w(ryy, tlj) —w(tiy, r15) = A
(38) W<r2j> t2]) - _UJ(tQ]) T?J) :uj
w(ryy, taj) = —w(tyy, ry) =
w(raj, t1j) = —w(tyy, roj) = —1’

whereas the remaining values are zero. So, with respect to the ordered basis (36), the
matrix representing w is

Ly, J
Qb = (J: ]\;b) € Mat4b(Zp),

where the blocks are the elements of Maty,(Z,) given by
0 N

M0 0
Ly, =
0 N
0 “\ 0
0 [25%
0
—p1 0
(39) M, =
0w
0
—w 0
0 -1
1 0 0
Jp =
0 0 —1
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Proposition 2.15. If \ju; # 1 for all j € {1,...,b}, then the alternating form w €
Alt?(V) defined in (38) is a symplectic form of Heisenberg type.

Proof. Standard Gaussian elimination shows that
det Qp = (1 — A\ypn)*(1 — Aopag)? - - (1 — Xopia)?,

so w is non-degenerate if and only if 1 — A\;u; # 0 for all j € {1,...,b}.

It remains to show that w is of Heisenberg type. Under the natural duality Alt>(V) ~
A2VV | the alternating form w corresponds to the 2-form on V'V written in coordinates
as

b b
DN e)ABeD)+Y nlea)Alep)
(40) j? ) =t
D (g @D)A(1e8) =) (1®a) A1),
Jj=1 J=1

whose image via £: A2VY — H?(X, x X, Z,) can be obtained by replacing the wedge
product in (40) with the cup product and using (3). So, making also use of (37), we get

b b
W)=Y Nély®1, Bl + Y mél®a, 18 5)
j=1 j=1

b

b
=) ;9L 1®8) - (1o, Bo1)
j=1

j=1

(41) b b b b
- (5n) e+ (Su)100-aens S aee
j=1 j=1 j=1 j=1
b
=7®1+187+ Y (Bj®a;—a;® ;) =4,
j=1
cf. Remark 1.10. This concludes the proof. O

We can now show the existence of symplectic forms of Heisenberg type.

Proposition 2.16. Let b > 2 and set V = Hy (S, x Xy — A, Z,). If p > 5, then Alt*(V)
contains symplectic forms of Heisenberg type.

Proof. By Proposition 2.15, it suffices to find non-zero elements Ay,..., Ay, 1, ..,
in Z, such that

b b
SN =D wi=1 Npy#1 forall je{1,... b},
j=1 i=1

Choose arbitrarily A;, with j € {1,...,b—1}, and p;, with j € {1,...,b—2}, such that
Aipj # 1forall j e {l,...,0—2}. Then Ap is uniquely determined by /\b =1- Zb Y
whereas j;,_1 and p; are subJect to the following conditions:

® 1y 1+ pp is equal to a constant ¢ = 1 — Z?j 1
o pu1 # Ny E N
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These requirements are in turn equivalent to i,y ¢ {\; '}, c— A, '}. Now, if p > 5 this
can be clearly satisfied, because there are more than two non-zero elements in Z,. U

Remark 2.17. If p = 3, the condition \;u; # 1 implies A\; = —p; and so, if this holds
for all j, we get
b

122)‘j:_ :uj:_lv
1

J=1 J=

a contradiction. Hence the alternating form w defined in (38) is never symplectic when
p = 3. In fact, the existence of symplectic forms of Heisenberg type in the case p = 3
is an interesting problem, but we will not develop this point here.

Remark 2.18. The notion of alternating form of Heisenberg type (namely, satisfying
one of the equivalent conditions of Definition 2.14) and the study of the corresponding
lifting ¢,,: P2(X;,) — Heis(V, w) make also sense when w is non-symplectic, i.e. degen-
erate. In this case, by Remark 2.9, we obtain an epimorphism ¢: Po(3,) — Heis(W, w),
where W is the quotient of V' by Vjj = kerw. This fact will be exploited in Subsection
3.4, in order to construct what we will call the degenerate Heisenberg covers of Y, X ¥y;
in that situation, the primes p = 2, 3 will be also allowed, but we will have to make the
further request that p divides b + 1.

We end this section by explicitly describing a lifting ¢, : P2(X,) — Heis(V, w) of
¢: Po(Xp) — V, in the case where w is one of the symplectic forms considered in
Proposition 2.15. First of all, ¢ can be explicitly described as the group homomorphism
defined by

¢(P1j) = Ty, ¢(71j) = 1y, ¢(P2j) = T2y, ¢(T2j) = T2y, ¢(A12) =0,
for all j € {1,...,g}. On the other hand, the 4b+ 1 elements of V' x Z, given by
;= (riy, 0), tiy=(t;, 0), 1y =(ry, 0), toy = (tzy,0), z=(0,1)

are generators for Heis(V, w), subject to the same relations as in (33), cf. the proof of
Proposition 2.6. Thus, using (38), for all j, k € {1,...,b} we obtain

P _4+P _ P _ 4P _ p _
r; =4, =ry =1t =12 =1

[ry, 2] = [tiy, 2] = [rgy, 2] = [ta;, 2] = 1
[y, re] = [ty te] =1
[F1j, ror] = [tig, tax] = 1
(42 [roj, rok] = [toj, tox] =
[rj, tix] = 20k X
[roj, tox] = 209k 1
[r1j, tog] = [roj, tix] = z Ok,

where 0 is the usual Kronecker symbol.

Let us now define ¢, as
(43)  @ulpy) =ry,  PulTy) =ty ulpy) =Ty, Qulry) =ryj,  @u(d) =z
Looking at Theorem 1.6, it is straightforward to check that ¢, defines a group homo-

morphism of Py(¥;) onto Heis(V, w), providing a lifting of ¢ and such that ¢, (A;2) has
order p.
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Remark 2.19. In the above description of the lifting, the role of conditions (37) is to
ensure that the map ¢, is compatible with the two surface relations in the presentation
of Po(Xp). For instance, it is straightforward to check that the identities

[ til=2%, je{l,....b}

are consequence of (42); thus, considering the image of the first surface relation via ¢,
we obtain

(g s tig )ty Mg trga] g [y ] (tiataa - tag)
=2ty 2 2 (t e ty)

that is, the relation is invariant under ¢,,. The invariance of the second surface relation
can be proved analogously.

3. APPLICATION: CONSTRUCTION OF DOUBLE KODAIRA FIBRATIONS
3.1. Double Kodaira fibrations.

Definition 3.1. A Kodaira fibration is a smooth holomorphic fibration (with connected
fibres) f1: S — By, where S is a compact complex surface and Bj is a compact complex
curve, which is not isotrivial (this means that not all its fibres are biholomorphic to
each others).

Equivalently, by [FiGr65], a Kodaira fibration is a smooth connected fibration f;: S —
By which is not a locally trivial holomorphic fibre bundle, cf. [BHPV03, Chapter I,
(10.1)]; however, any such a fibration is a locally trivial differentiable fibre bundle in
the category of real C'°° manifolds, because of the Ehresmann theorem [Eh51]. The
genus by := g(By) is called the base genus of the fibration, whereas the genus g := g(F),
where F' is any fibre, is called the fibre genus. If a surface S is the total space of a
Kodaira fibration, we will call it a Kodaira fibred surface.

By [Kas68, Theorem 1.1], every Kodaira fibration f;: S — B satisfies b; > 2 and
g > 3. In particular, S contains no rational or elliptic curves: in fact, such curves can
neither dominate the base (because b; > 2) nor be contained in fibres (since the fibration
is smooth). So every Kodaira fibred surface S is minimal and, by the superadditivity
of the Kodaira dimension, it is of general type, hence algebraic.

Important invariants of a Kodaira fibred surface S are the signature o(S) and the
slope v(95), given by

o(S) = % (1(9) —2¢2(8)) ., v(9) = (9)"

As explained in the Introduction (to which we refer the reader for a more detailed
discussion on this topic), Kodaira fibrations were originally introduced in [Kod67] and
[At69] in order to show that the signature o of a manifold, meaning the signature of
the intersection form in the middle cohomology, is not multiplicative for fibre bundles.
In fact, every Kodaira fibred surface S satisfies o(S) > 0, whereas the signature of the
product of two curves is always zero.

It is rather difficult to construct Kodaira fibred surfaces with small ¢(S). Since S is
a differentiable 4-manifold which is a real surface bundle, its signature is divisible by
4, see [Mey73]. If moreover S has a spin structure, i.e., its canonical class is 2-divisible
in Pic(.S), then by Rokhlin’s theorem its signature is necessarily a positive multiple of
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16, and examples with o(S) = 16 are constructed in [LLR17]. It is not known if there
exists a Kodaira fibred surface such that o(S) < 12.

The slope can be seen as a quantitative measure of the non-multiplicativity of the
signature. In fact, every product surface F'x B satisfies v(F x B) = 2; on the other hand,
if S is a Kodaira fibred surface, then Arakelov inequality (see [Be82]) implies v(S) > 2,
while Liu inequality (see [Liu96]) yields v(.S) < 3, so that for such a surface the slope lies
in the open interval (2, 3). The original examples by Atiyah, Hirzebruch and Kodaira
have slope lying in (2,2 + 1/3], see [BHPV03, p. 221], and the first examples with
higher slope appeared in [CatRol09], where it is shown that there are Kodaira surfaces
with slope equal to 2 + 2/3. This is the record for the slope so far, in particular it is a
present unknown whether the slope of a Kodaira fibred surface can be arbitrarily close
to 3.

The examples provided in [CatRol09] are actually rather special cases of Kodaira
fibred surfaces, called double Kodaira surfaces.

Definition 3.2. A double Kodaira surface is a compact complex surface S, endowed
with a double Kodaira fibration, namely a surjective, holomorphic map f: S — By X By
yielding, by composition with the natural projections, two Kodaira fibrations f;: S —
B i=1,2

Note that a surface S is a double Kodaira surface if and only if it admits two distinct
Kodaira fibrations f;: S — B;, ¢ = 1, 2, since in this case we can take as f the product
morphism f; x fs.

Definition 3.3. Let f: S — B; x B,y be a double Kodaira fibration, and let D C
By x Bs be the branch locus of f. Then f is called

e double étale if D is smooth and the projections of D over By and By are both
étale maps;

e simple if it is double étale and there exist étale maps ¢q,... ¢, from By to B,
such that D is the disjoint union of their graphs Dy, , ..., Dg,;

e very simple if it is simple and moreover B; = By and ¢q, ..., ¢, are automor-
phisms;

e standard if there exists étale Galois covers B — B;, i@ = 1, 2 such that the
étale pullback

g =35 X (ByxB3) (B X B)
induced by B X B — By X Bs is very simple.

Up to now, there are no known example of double étale Kodaira fibrations that are
not standard.

3.2. Double Kodaira fibrations via Galois covers of >, x ¥;. Now our aim is
to construct some double Kodaira fibrations by using the techniques developed in the
previous sections. The key result in this direction will be the following version of
Riemann Extension Theorem, that follows in a straightforward manner from [Poll8,
Corollary 1].

Proposition 3.4. Let Y be a smooth projective variety, Z C Y a smooth irreducible
divisor and G a finite group. Then the isomorphism classes of connected Galois covers
f: X — Y with Galois group G, branched at most over Z, are in bijection to group
epimorphisms p: m (Y — Z) — G, up to automorphisms of G.
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As an important consequence, we obtain the following recipe to construct double
Kodaira fibrations. With a slight abuse of notation, in the sequel we will use the symbol
Y, to indicate both a smooth complex projective curve of genus b and its underlying
real surface.

Theorem 3.5. Let G be a finite group such that there is a group epimorphism @: Py(%,) —
G, and denote by

o1:m (8 — {p1}, p2) — G, o (8 — {p2}, ;1) — G

the compositions of @ with the monomorphisms w1 (Zpy—{p1}, p2) — P2(Xp) and w1 (Xp—
{p2}, p1) — Pa(%y), respectively (cf. (7) and (13)). Assume that

o the element (Ayz) has order n > 1;
e the image of p; has index m; in G, fori =1, 2.

Then there is a double Kodaira fibration f: S — ¥y, X Xy,, where

Moreover, the fibre genera g1, g2 of the Kodaira fibrations f1: S — X, fo: S — X,
are computed by the formulae
|G| |G|

45 21 —2=—(2b—2 200 —2=-—(2b—2
( ) g1 ml( +1’1)7 g2 mg( +1’1),

wheren:=1—1/n.

Proof. Set Y = %, x 3, and Z = A. Using Proposition 3.4 and the isomorphism (5),
from the existence of the group epimorphism ¢: Ps(%;,) — G we obtain the existence
of a Galois cover f: § — ¥, x ¥y, whose Galois group is isomorphic to G. Furthermore,
since ¢(Ajz) has order n, part (v) of Remark 1.7 implies that such a cover is branched
exactly over A, with branching order n. The diagonal A intersects transversally at
a single point the fibres of both natural projections m;: ¥, x ¥, — %, and such a
point is different for each fibre. So, taking the Stein factorizations of the compositions
mof: S — ¥, as in the diagram below
m;of

S > Eb
(46) & /
>,

we obtain two distinct Kodaira fibrations f;: S — ¥, hence a double Kodaira fibra-
tion by considering the product morphism

f:f1><f223—>2b1><2b2.

If T" is the fibre of m o f: S — 3, over the point p; € X;, we see that the restric-
tion f|p: T' — 3, is the smooth Galois cover induced by the group homomorphism
o1: m(Zp—{p1}, p2) — G, whose image, by assumption, has index my in G. It follows
that the Galois cover f|p: I' — 3, splits into the disjoint union of m; disjoint covers
of the form I — X;; each of them is a connected Galois cover, with Galois group
isomorphic to im(y;), branched precisely at one point with branching order n. But
then this is true for every fibre of m; o f, because the number of connected components
of the fibres of a proper, normal, flat morphism is constant, see [DM69, Theorem 4.17

().
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Summing up, the Stein factorization in diagram (46) is obtained by taking an étale
cover 0 : X, — X of degree my, and every fibre of the Kodaira fibration f;: S — X,
is homeomorphic to I"”; thus we can compute both b; and ¢g; by using the Hurwitz
formula, obtaining the first relations in (44) and (45). The computation of by and g5 is
exactly the same, so we are done. Il

Remark 3.6. In Theorem 3.5, the group G is necessarily non-abelian. Otherwise, since
Ao is a commutator in Py(3), the element ¢(A;5) would be trivial.

Remark 3.7. Looking at the proof of Theorem 3.5, we see that there is a commutative
diagram

S f )EbXEb

\W

Zb X Ebg

1

Since 01 X 09: Xy, X Xy, —> Xp X X is étale of degree mymy, it follows that the double
Kodaira fibration f: .S — X, x X, has degree ©]

i and is branched precisely over
the curve
(91 X 92)_1(A) = Ebl X5, sz.

Such a curve is always smooth, being the preimage of a smooth divisor via an étale
morphism. However, it can be reducible, cf. Proposition 3.11.

We can now compute the invariants of S, cf. [Tr16, p. 55, formulae (3.9) and (3.10)].

Proposition 3.8. Let f: S — ¥y, X 3, be a double Kodaira fibration as in Theorem
3.5. Then the invariants of S are

c2(S) = |G| (2b — 2)(4b — 4 + 4n — n?)
c2(S) =G| (2b—2)(2b — 2 +n),
and so the slope and the signature of S can be expressed as

2 2
oG8 2n —n
Y8 =5 T2 T oot

7(5) = 5 ()~ 262(8)) = 5 |61 (20 — 2)(2n — w?).

Proof. Let F} be any fibre of the the Kodaira fibration f;: S — ;. Since f; is a
smooth holomorphic fibration, it follows by [Be96, Lemma VI.4] that the topological
Euler number of S is given by

¢2(S) = Xtop (X ) Xtop (F1) = (2 — 2b1)(2 — 291),

and the last expression equals |G| (2b — 2)(2b — 2+ n) by (44) and (45).

It remains to compute ¢3(S). To this pourpose, note that the ramification divisor of
the Galois cover f: S — ¥, x ¥p equals (n — 1) D, where D C S is the effective divisor
such that f*A = nD. Then by the Hurwitz formula we deduce

(47) KS == f*KbeZb + (TL — l)D,
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and so
C%(S) = (f*KEbXEb)Q + 2f*KEb><Zb . (7’L — 1)D + (n — 1>2D2

1 2
= |G| K2, s, +2(n — 1)Ky, xx, - £.D + (n — 1)? (;f*A)

—1\?
= 8|G]| (b—1)2+2(n—1)Knggb-|n£|A+ (nn ) |G| A?

n—1 n—1

:8|G|(b—1)2+2( )|G|(4b—4)+< )2|G|(2—2b)

= |G| (2b — 2)(4b — 4 + 4n — n?).
This completes the proof. O
Remark 3.9. If either n is odd or D is 2-divisible in Pic(S), then (47) shows that Kg

is 2-divisible in Pic(S). Hence S is a compact, oriented smooth spin 4-manifold and so,
by Rokhlin’s Theorem [Mo96, p. 60], its signature is divisible by 16.

3.3. Non-degenerate Heisenberg covers of ¥, x ¥;,. We are now ready to apply
the results of Subsection 3.2 to our situation, where the role of G' will be played by the
group Heis(V, w). In this way, we will obtain some Galois covers of 3, x ¥, with Galois
group Heis(V, w) and branched over the diagonal A, that we will call (non-degenerate)
Heisenberg covers. As explained in the proof of Theorem 3.5, the Stein factorizations
of these covers provide the double Kodaira fibrations we are looking for.

We use the same notation as in Section 2, in particular we denote by p an odd prime
and by V' the Z,-vector space Hy (X, X ¥y — A, Z,), where b > 2.

Theorem 3.10. Assume p > 5 and let w € A2V be a symplectic form of Heisenberg
type, that exists by Proposition (2.16). Then the group epimorphism ¢, : Po(Xp) —
Heis(V, w) defined in (43) induces a Heisenberg cover f: Sy, — X X Xy that, after
applying the Stein factorization, gives rise to a double Kodaira fibration f: S, , —
Eb/ X Zb/, where

(48) V—1=p*0b-1).

Moreover, the two Kodaira fibrations f;: Sy, — Xy have the same fibre genus g, which
15 related to b by the formula

(49) 29 —2=p®*" (26— 2+p),
where p :=1—1/p. Finally, the invariants of Sy , are
ci(Sp,p) = "1 (20 — 2)(4b — 4 + 4p — p?)
c2(Sp,p) = "1 (20 = 2)(2b — 2 + p),
and so the slope and the signature of Sy , can be expressed as
i(Shp) _ o, 2 =¥

v(Sh,p) = 5% 5 1 &
(50) i2(5b7p) 20 —2+p X
o(Shp) = 3 (ci(Sb,p) — 2¢2(Sh,p)) = 5]94“1(25 —2)(2p —p?).

Proof. First of all, let us recall that z = ¢, (A;2) has order p in Heis(V, w). Let us
consider now the group homomorphism

©1: (X — {p1}, p2) — Heis(V, w),
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given by the composition of ¢, with the monomorphism 71 (X, — {p1}, p2) —> Pa(%s).
Its image is the subgroup of Heis(V, w) generated by
ro1, .- ran, tor, ..., ta, 2,

and this is in turn isomorphic to Heis(V;, wy), where Vi = H; (X, —{p1}, Z,) is generated
by 721, .. .79, ta1, ..., o and w; is the restriction of w to Vi, namely the symplectic form
wy: Vi x Vi — Z,, defined by the matrix M,, see (39); note that Heis(V3, wy) has order
p?**1. Clearly, the same argument works after exchanging the roles of p; and ps; thus,
both im(¢;) and im(i,) have index p?* in Heis(V, w), and the result follows by applying
Theorem 3.5 and Proposition 3.8. Il

Let us now describe in more detail the structure of the double Kodaira fibration
f1Sp, — Xy X Xy; it will turn out that it is very simple, in the sense of Definition
3.3.

Proposition 3.11. The finite morphism f: Sy , — Xy X Xy 15 a cyclic cover of degree
p, totally branched on a reducible divisor

b= ¥ b,
c€(Zp)?®

where the D, are pairwise disjoint graphs of automorphisms of ¥y . Moreover, Dy coin-
cides with the diagonal A" C Xy X Xy .

Proof. Let us first observe that the two subgroups

1m<801) — <r217 -y lop, t217 s 7t2b7 Z>, lm(SOQ) - <r117 <oy M, t117 s 7t1b7 Z>

of Heis(V, w) are both normal (because they contain the commutator subgroup (z)) and
are exchanged by an automorphism of order 2. Thus the two étale covers

911 Zb’ — Zb, 021 Zb’ — Eb

are both Galois, with Galois group (Z,)* and, up to an involution of ¥y, we may
assume #; = 6 = 0. This implies that the cover

QXQ:Eb/XEb/HEbXZb
is Galois, with Galois group (Z,)* x (Z,)*, and so f: S; , — Sy X Xy is also Galois,
with Galois group isomorphic to the kernel of the group epimorphism

Heis(V, w) — (Z,)* x (Z,)*,

see [Pigl9, Lemma 4.1]. Since such a kernel has order p, it follows that f is a cyclic
cover of degree p, in particular it is totally branched because p is prime. Remark 3.7
tells us that the branch locus of f is smooth and it is given by the fibre product

D=%y x5, Yy ={(z,y) | z,y€ Xy and 6(z) =0(y) }
={(z,c-2) | z€Ty, ce(Z,)"},
so we can end the proof by setting
D.={(x,c-z) | z€3y}.
O

Proposition 3.12. Let f: Sy, — Xy X Xy be a double Kodaira fibration as in Theo-
rem 3.10.
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(1) We have
12
2 < V(Sb7p) <2+ %,
and equality on the right holds precisely in two cases, namely
12
1/(5275) = V(SQJ) =2+ %

Moreover, v(Ss,,) > 2+ 1/3 for all p > 5. More precisely, if p > 7 the function
v(Sa,p) is strictly decreasing and

. 1
pEToo v(S2,p) =2+ 3

(2) The signature o(Sy, ) is divisible by 16 and moreover
U(Sb,p) Z 0'(5275) = 24 : 57.
Proof. (1) From (50) we get
M — 2 2
Rl PSR Sl
2b—2+p (2b—1)p? —p
_1

Since for p — +o0 the last expression is asymptotic to 2 + 5, we see that v(Sj, ) is
arbitrarily close to 2 if both b and p are large enough. Moreover, we also have

2 < V(Sb’p) =2+

p* -1

3p? —p’

with equality holding if and only if b = 2. The rest of the proof is a consequence of the
following easy facts: for x > 2, the real function

V(S@p) S I/(Sgp) =2+

x?—1
() = 3x2 — =z

has a local (and global) maximum at zy = 3 + 2v/2 ~ 5.828, and for z > xy it is

monotonically decreasing, with lim w(x) = L from above.

r—>+00 -3
(2) We can rewrite the second equality in (50) as

1
0 (Sh,p) = 5(2b=2)p" " (p* = 1),
and from this it is clear that (S, ,) is a multiple of 16 (since p is odd, this also follows
from Remark 3.9) and that the minimum value of (S, ,) is attained precisely when

(b; p) = (2, 9). O

Remark 3.13. Equations (48) and (49) allow us to have complete control on both the
base genus 0’ and the fibre genus ¢ for the Kodaira fibrations Sy , — ¥y. For example,
looking at the slope-maximizing cases mentioned in Proposition 3.12 we obtain

5275 : (b/, g) = (626, 4376)
Soz: (U, g) = (2402, 24011).
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3.4. Degenerate Heisenberg covers of ¥, x Y. Let us consider now the situation
where the alternating form w: V' x V' — Z, satisfies one of the equivalent conditions
in Definition 2.4, but it is not symplectic; let us denote as usual by V; the non-trivial
kernel of w, and by W = V/V; the corresponding quotient vector space. Then, compos-
ing the group epimorphism Heis(V, w) — Heis(W, w) defined in Remark 2.9 with the
homomorphism ¢, : Po(3;) — Heis(V, w) given by (43), we obtain a group epimor-
phism ¢: Po(X,) — Heis(W, w) such that ¢(A;2) = z. By Proposition 3.4, this in turn
yields a Galois cover f: S — ¥, x 3, with Galois group isomorphic to Heis(W, w) and
branched exactly over A with branching order p; such a f will be called a degenerate
Heisenberg cover. We will not attempt here to classify all possible covers of this type,
and we will limit ourselves to analyze the following important example.
We assume that p divides b+ 1, so that —b = 1 holds in Z,, and we take

/\1:"':)\b:ﬂ1:"'ﬂb:_1GZP'

Therefore relations (37) are satisfied, so (41) shows that the corresponding alternating
form w satisfies {(w) = §. However, w is not symplectic, since its associate matrix

S Ty
Q, = (Jb Jb> S Mat4b(Zp)
has rank 2b and consequently w has a 2b-dimensional kernel V{), namely

Vo = (ri1 — o1, tir —tar, .., T1p — Tap, L1 — top).

Then the images of 711, t11, ..., 71, t1p in the quotient vector space W = V/V; equal the
images of 791, ta1, ..., 7o, top, respectively. Let us denote such images by rq, t1,..., 7y,
and let us call rq, ty,...,r, t, the corresponding generators of the Heisenberg group
Heis(W, w). Then, looking at (42), we see that a presentation for Heis(W, w) is as
follows: for all j, k € {1,...,b} we have

g
[rj, z] =[t;, z] =1
(51) J J
[rj’ rk] = [tj7tk] =1
[rjv tk] =z

Furthermore, in this situation, the group epimorphism ¢: Py(3;) — Heis(W, w) is
explicitly given by

(52) e(p1) = (p2) =15, o(my) = (1) =5, (Aw2) =z

In the situation of degenerate Heisenberg covers, we can deal with the case p = 2,
too. In this situation we cannot define the group Heis(W, w), see Remark 2.5, but we
can use the matrix group Hypy1(Zs), which has order 22°*! and exponent 4 (Remark
2.7). A presentation for it is obtained by simply putting p = 2 in (51), i.e., for all
J, ke {l,...,b} we have

[rj7 z] = [tj, zZl=1
[rju rk] = [tj,tk] =1
[rj, ty] =z %"

So, if 2 divides b+1 (i.e., if b is odd) we can still consider a degenerate Heisenberg cover
f: S — ¥, x ¥, namely the one induced by the group epimorphism ¢: Py(%;,) —
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Hopi1(Zsy) given exactly as in (52). Furthermore, since for an odd prime p the group
Heis(W,w) is isomorphic to Hyy11(Z,), we can treat both the cases p odd and p = 2 at
once, by considering (52) as a group epimorphism ¢: Py(2;) — Hopi1(Z)).

Interestingly, Theorem 3.14 below will show that corresponding degenerate Heisen-
berg cover directly yields a double Kodaira fibration, that is, in this situation no Stein
factorization is needed; in the sequel, we will use the “o” superscript in order to empha-
size this fact, writing f. Sb,p — X X X instead of f: S, , — Xp x Xp, when dealing
with degenerate Heisenberg covers.

This is in some respect an advantage with respect to the construction with a sym-
plectic w, because, since we are not forced to take finite étale covers, we get Kodaira
surfaces with any base genus b and, moreover, we can choose as base curve ¥, any
curve of genus b. However, we can obtain only finitely many values of the fibre genus ¢
for a fixed b, because there are only finitely many primes p dividing b + 1.

Theorem 3.14. Assume that p (p > 2) divides b+ 1 and let f: Spp — Ty X Xy be

the degenerate Heisenberg cover corresponding to the group epimorphism ¢: Po(3,) —
Hopt1(Z,y) described above. Then, composing f with the projections onto the two factors,
we obtain two Kodaira fibrations f;: Sy, — X, with the same fibre genus g satisfying

29 — 2= p?tH(2b — 2+ p).
Moreover, the invariants of Sy , are
ci(S5,) =P (2b = 2)(4b — 4+ 4p — p°)
ca(S5,) = P (26 — 2)(2b — 2 + p),
and so the slope and the signature of Sy, can be expressed as
1/( b )_ C%( bp) =2 —213—]32
) 2 —2+p
o 1 (o] o 1
J(‘Sb,p) = g (C%(Sb,p) - 202(Sb,p>) = §p2b+l(2b - 2)(2p - p2)
Proof. By construction, both group homomorphisms

o1: 1 (X — {p1}, p2) —> Heis(W, w), @91 m(Zp — {p2}, p1) — Heis(W, w)

are surjective (in the case p odd, this reflects the fact that the quotient map Heis(V, w) —
Heis(W, w) identifies ry; with ry; and t;; with ty;). This implies that the fibres of
both fibrations m o f: So — Y and mp o f: S° — Y, are connected, hence
Ji S, — X XYy isa double Kodaira fibration. The fibre genus ¢g and the invariants
of Sb can be now computed by using Theorem 3.5 and Proposition 3.8, setting n = p,

my = my = 1 and |G| = |[Heis(W, w)| = p***L. O

(53)

In this situation, the bounds for the slope and the signature are provided by

Proposition 3.15. Let f: S; , — Yy X ¥ be a double Kodaira fibration given by a
degenerate Heisenberg cover as in Theorem 3.14.
(1) We have
. 1
2 < V(Sb,p) S 2+ g,

with equality on the right holding precisely for (b, p) = (2, 3).
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(2) The signature o(Sy ) is divisible by 16 and we have
7(55,) = o(55,) = 128

Proof. The proof of (2) is immediate if we rewrite the second equation in (53) as

1

5(20 - 2)p* 1 (p® — 1),

so we must only show (1). Assume first p > 3. Since by assumption p divides b+ 1, we
can write b = kp — 1 for some positive integer £ > 1 and, by substituting in (53), we
get

(54) o(S4,,) =

21 21
3p 2 <2+ 3p 2 g
2kp? — 3p* — p 2p° —3p* —p

(55) 2 < w(Sp,) =2+

with equality on the right holding if and only if £ = 1. By computing its derivative, it
is easily seen that the real function

2 =1
223 — 32?2 — 1

is strictly decreasing for x > 3; by (55), this implies that the maximum of v (S ),
for p > 3, is attained precisely when k£ = 1 and p = 3, that corresponds to the pair
(b, p) = (2, 3) and yields for the slope the value 2+1/3. On the other hand, elementary
calculations show that if p = 2 the maximum is attained at b = 3, that yields for the
slope the value 2 + 1/6. This completes the proof. As an aside we note that, again by

(55), taking p large enough we can make v(S;_; ) arbitrarily close to 2. O

u(z) =

Remark 3.16. Degenerate Heisenberg covers allow us to obtain a much smaller min-
imal signature than the construction with the symplectic form, namely 128 instead
of 24 .57, This is due to the fact that, using the degenerate construction, the lowest
admissible order of our Heisenberg group decreases from 5% to 27.

The price to pay is that now not all the pairs (b, p) are suitable for the construction,
but only those with p dividing b+ 1, so we cannot get slope higher than 2+ 1/3 in this
way.

Remark 3.17. The double Kodaira fibration 53 5 — Y3 X X3, besides minimizing the
signature, also realizes the minimum fibre genus for the Kodaira fibrations constructed
in this paper, namely g = 289.

Let w: N — N be the arithmetic function counting the number of distinct prime fac-
tors of a positive integer, see [HarWr08, p.335]; therefore, as a consequence of Theorem
3.14, we obtain

Corollary 3.18. Let ¥y be any smooth curve of genus b. Then there exist at least one
and at most finitely many double Kodaira fibrations obtained as degenerate Heisenberg
covers f: .Sy, —> Xy X Xy In fact, denoting by k(b) the number of such fibrations, we
have

k() = w(+1).
In particular,

lim sup k(b) = +o0.

b—+400
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Proof. In view of Theorem 3.14, we only have to show that two different primes dividing
b+ 1 give rise to different Kodaira fibrations. Actually, something much stronger is true:
the corresponding Kodaira fibred surfaces are non-homeomorphic, because they have
different signature. In fact, looking at (54), we see that, for fixed b, the signature o(Sjy )
is strictly increasing in p. Il

In particular, if b = 2 the only possibility is p = 3. This case provides (to our
knowledge) the first “double solution” to a problem, posed by G. Mess, from Kirby’s
problem list in low-dimensional topology ( [Kir97, Problem 2.18 A]), asking what is the
smallest number b for which there exists a real surface bundle over a surface with base
genus b and non-zero signature.

Proposition 3.19. There exists a 4-manifold X (namely, the real 4-manifold under-
lying the complex surface S3 ;) of signature 144 that can be realized as a real surface
bundle over a surface of genus 2, with fibre genus 325, in two different ways.

This naturally leads to the following problem, that remains at the moment unsolved.

Question 3.20. What are the minimal possible fibre genus fmin and the minimum
possible signature oy for a double Kodaira fibration S — Yo X 357

Proposition 3.19 implies fum < 325 and oy, < 144, but we do not know whether
these inequalities are actually equalities.

Remark 3.21. The first example of a real surface bundle over a surface of genus 2
with non-zero signature was constructed in [BD02]; it is a double Kodaira fibration
with 0 = 16 and

(bh gl) = (2v 25)7 (b27 92) = (97 4)

Finally, let us say something about the deformations of the double Kodaira fibrations
J: Sy, — Xy X Xy, Any such fibration is very simple and branched over the diagonal,
which is the graph of the identity Y, — 3. If we denote by 9,  the connected
component of the Gieseker moduli space of surfaces of general type containing (the class
of) Sy ,, and by M, the moduli space of smooth curves of genus b, applying [Rol10,
Theorem 1.7] we obtain the following

Proposition 3.22. There is a natural map
Mb — map
that is an isomorphism on closed points.

Morally, since the branch divisor A of f: Sp  — X x 3 is rigid, all deformations
of Sy, are realized by deformations of ¥ x X, preserving the diagonal, hence by de-
formations of ¥,. In fact, it is well-known that the natural morphism of deformation
functors

Defzb X Defzb — DefszEb

is an isomorphism, see [Sern06, p. 74].
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